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Abstract
We study subgroups of fundamental groups of real analytic closed 4-manifolds with nonpositive
sectional curvature. In particular, we are interested in the following question: if a subgroup of the
fundamental group is not virtually free Abelian, does it contain a free group of rank two? The
technique involves the theory of general metric spaces of nonpositive curvature.
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1. Introduction
In this paper we study subgroups of fundamental groups of real analytic closed
4-manifolds with nonpositive sectional curvature. One would like to know whether a
subgroup contains a finite index free Abelian subgroup if it does not contain a free group
of rank two. The same question can be asked in the general setting of groups acting on
Hadamard spaces. We recall a Hadamard space is a complete simply connected metric
space with nonpositive curvature in the sense of A.D. Alexandrov. In general there is the
following question (see Section 2.4 for the definition of a proper group action):
Tits alternative. Let G be a group acting properly and cocompactly by isometries on a
Hadamard space X. Is it true that every subgroup H ⊂G contains either a finite index free
Abelian subgroup or a free group of rank two?
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The Tits alternative question has been answered affirmatively for the following spaces:
trees [21] or more generally Gromov hyperbolic Hadamard spaces [14]; certain cubical
complexes [9]); Euclidean buildings of rank  3 or symmetric spaces [26]; spaces with
isolated flats [16]; certain square complexes [27]. The Tits alternative question in the
general case appears hard. In particular it is still open for Hadamard 4-manifolds and
CAT(0) 2-complexes. It is not even known [25] whether G has an infinite subgroup where
each element is of finite order. Adams and Ballmann [1] showed any amenable subgroup of
the group G contains a finite index free Abelian subgroup. When X is a piecewise smooth
2-complex where each edge is contained in at least two 2-cells, Ballmann and Brin [5]
showed either G contains a free group of rank two or X is isometric to the Euclidean
plane.
Recall a Hadamard manifold X has higher rank if each geodesic is contained in a
2-flat, that is, a convex subset of X isometric to R2; X has rank one otherwise. When
the Hadamard space X is a Hadamard manifold and the group G is torsion free, the Tits
alternative can be reduced to the case when X is an irreducible Hadamard manifold, thanks
to Eberlein’s results [11,12] on lattices of reducible Hadamard manifolds. When X is an
irreducible Hadamard manifold of higher rank, X is a higher rank symmetric space by the
rank rigidity theorem [3] and the Tits alternative follows from Tits’ theorem. Thus one only
needs to consider rank one Hadamard manifolds.
The Tits alternative holds trivially for surfaces. It is also not hard to establish it for
3-manifolds, by using some nontrivial results on 3-manifold topology:
Theorem 3.7. The Tits alternative holds for subgroups of π1(M), where M is a closed
3-manifold with nonpositive sectional curvature.
In this paper we mainly consider the case of real analytic closed 4-manifolds with
nonpositive sectional curvature. Such manifolds have been studied by Schroeder [23] and
Hummel and Schroeder [17,18]. A higher rank submanifold in a Hadamard manifold X
is a totally geodesic submanifold which is of higher rank as a Hadamard manifold. When
M = X/Γ is a real analytic closed 4-manifold with nonpositive sectional curvature, one
possible class of higher rank submanifolds have the form W =Q×R, where Q is a nonflat
2-dimensional Hadamard manifold. A cycle is a finite sequence W1, . . . ,Wk of distinct
higher rank submanifolds of the above form such that Wi ∩Wi+1 = ∅ (i = 1,2, . . . , k− 1)
and Wk ∩W1 = ∅. Below is one of the main results of the paper.
Theorem 4.1. The Tits alternative holds for subgroups of π1(M) if M = X/Γ is a real
analytic closed 4-manifold with nonpositive sectional curvature and there is no cycle in X.
There exist real analytic closed 4-manifolds (see [2]) satisfying the assumptions of the
theorem.
LetM =X/Γ be a real analytic closed 4-manifold with nonpositive sectional curvature.
A singular geodesic in X is a geodesic c of the form c= {q}×R ⊂Q×R, where Q×R is
a higher rank submanifold and Q is a nonflat Hadamard 2-manifold. When two higher rank
submanifoldsW1 =Q1 ×R, W2 =Q2×R intersect, the intersection is a 2-flat of the form
F =W1∩W2 = c1×R where c1 ⊂Q1 is a geodesic in Q1. The R directions in W1 and W2
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give rise to two parallel families of singular geodesics in the 2 flat F . The angle between
the two family is a singular angle. There are only a finite number of singular angles (see
Section 2.3). Abresch and Schroeder [2] have constructed a class of real analytic closed
4-manifolds with nonpositive sectional curvature where the singular angles are all equal
to π/2.
Theorem 5.1. The Tits alternative holds for subgroups of π1(M) if M = X/Γ is a real
analytic closed 4-manifold with nonpositive sectional curvature and all singular angles
are equal to α > 25π .
Although we are mainly interested in Hadamard manifolds in this paper, our proof uses
general metric spaces with nonpositive curvature in the sense of A.D. Alexandrov. The
proof of Theorem 4.1 is inspired by the JSJ decomposition in 3-manifold theory. Recall
a Haken 3-manifold admits a JSJ decomposition and this decomposition induces a graph
of groups decomposition for the fundamental group. It follows that the fundamental group
acts on the Bass–Serre tree associated to the graph of groups. Notice that the Bass–Serre
tree is not a Hadamard manifold and in general is not locally compact. In a similar way we
decompose a real analytic closed 4-manifold M with nonpositive sectional curvature and
construct a 2-complex associated to the decomposition. The fundamental group of M acts
on the 2-complex by isometries. The 2-complex is a CAT(−1) space (see Section 2.1 for
definition) and should be considered as an analogue of the Bass–Serre tree.
The existence of free subgroups is closely related to the existence of rank one isometries.
A rank one isometry is a hyperbolic isometry (see Section 2.2 for definition) g of a
Hadamard spaceX such that no axis of g bounds a flat half plane, where a flat half plane is a
convex subset of X isometric to the upper half plane: {(x, y) ∈R2: y  0}. Each isometry
of X induces a homeomorphism of the geometric boundary of X. If X is a CAT(−1)
space or a locally compact Hadamard space, then each rank one isometry of X acts on
the geometric boundary in the same way as a hyperbolic isometry of the real hyperbolic
space, see Theorem 2.11 or [3] and [14]. It follows that any group generated by two rank
one isometries that do not share any fixed point in the geometric boundary contains a free
group of rank two. Notice that it is not necessary to assume the action is proper.
For a general hyperbolic isometry, the dynamics of the induced homeomorphism on the
geometric boundary have been studied by Schroeder [6] in the Hadamard manifold case
and by Ruane [22] for locally compact Hadamard spaces. Let g be a hyperbolic isometry of
a locally compact Hadamard space X and P(g) the parallel set of an axis of g, that is, P(g)
is the union of all geodesics that are parallel to an axis of g. Denote by ∂∞X the geometric
boundary of X. P(g) is closed and convex in X and ∂∞P(g) naturally embeds into ∂∞X.
If c :R→X is an axis of g, denote by g(+∞) and g(−∞) the points in ∂∞X determined
by the rays c|[0,∞) and c(−∞,0], respectively. V. Schroeder and K. Ruane showed that
for any ξ ∈ ∂∞X − ∂∞P(g), the accumulation points of the orbit {gi(ξ): i ∈ Z} lie in
∂∞P(g). Ruane [22] further proved the following result: if the Tits distance from ξ ∈ ∂∞X
to g(−∞) is greater than π , then there is a neighborhood U of ξ so that U is attracted to
g(+∞) under the iteration of g. Here we still use g to denote the homeomorphism of the
geometric boundary induced by g. Still the following question remains:
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Question 1. With the above notation. Is the following statement true: for any compact
subset K ⊂ ∂∞X− ∂∞P(g), and any neighborhood V of ∂∞P(g), there is a positive inte-
ger N such that gn(K)⊂ V for all nN .
If the answer to Question 1 is yes, then any group generated by two hyperbolic
isometries f , g contains a free group of rank two whenever ∂∞P(f ) and ∂∞P(g) (con-
sidered as subsets of ∂∞X) have empty intersection.
The existence of rank one isometries in a group is closely related to the dynamics of the
group action on the limit set. While a lot is known about the group action on the limit set
of discrete isometry groups of the real hyperbolic space, little is known for groups acting
on Hadamard spaces or even Hadamard manifolds. Let G be a group acting properly on a
Hadamard space such that the limit set (see Section 2.5 for definition) of G contains more
than two points. The limit set is closed and G-invariant. If X is the real hyperbolic space,
then the limit set is the only nonempty closed and G-invariant subset of the limit set. This
is no longer the case in general, for instance, when G=G1 ×G2 and X =X1 ×X2 where
G1 ⊂ Isom(X1),G2 ⊂ Isom(X2). It would be interesting to know when there are more than
one closed and G-invariant subset. Recently Buyalo and Ballmann [4] did some interesting
work on the topic. In particular, using their arguments we can show the following:
Corollary 2.19. Suppose Γ is a group of isometries of a locally compact Hadamard
space X. If Γ does not contain any rank one isometry, then Λ(Γ ) has diameter at most 2π
in the Tits metric.
The paper is organized as follows. In Section 2 we recall basic facts about Hadamard
spaces, and collect results that shall be needed later on. The topics covered in this
section include: higher rank submanifolds in the universal covers of closed real analytic
4-manifolds with nonpositive sectional curvature and structure of Tits boundary of such
manifolds, rank one isometry and free groups, action on the limit set. In Section 3 we
establish the Tits alternative for closed 3-manifolds with nonpositive sectional curvature.
In Section 4 we decompose closed real analytic 4-manifolds, construct the associated
2-complex and use the 2-complex to establish the main result of the paper (Theorem 4.1).
In Section 5 we discuss the Tits alternative without assuming the nonexistence of cycles.
2. Preliminaries
In this section we recall basic facts about Hadamard spaces, and collect results that shall
be needed later on. We refer the reader to [3,6,7,23,17] for more details on the material in
this section.
2.1. CAT(κ) spaces
Although we are mainly interested in Hadamard manifolds in this paper, general metric
spaces with upper curvature bounds will play an important role in the proof of our results.
So here we recall the basic definitions below.
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Let (X,d) be a metric space. A geodesic in X is a continuous map α : I →X such that,
for any point t ∈ I , there exists a neighborhood U of t with d(α(s1), α(s2)) = |s1 − s2|
for all s1, s2 ∈ U . If the above equality holds for all s1, s2 ∈ I , then we call α a minimal
geodesic. The image of a geodesic shall also be called a geodesic. When I is a closed
interval [a, b], we say α is a geodesic segment of length b − a and α connects α(a)
and α(b). A metric space X is called a geodesic metric space if for any two points x, y ∈X
there is a minimal geodesic segment connecting them.
A triangle in a metric space (X,d) is the union of three geodesic segments αi : [ai,
bi] → X (i = 1,2,3) where α1(b1) = α2(a2), α2(b2) = α3(a3) and α3(b3) = α1(a1).
For any real number κ , let M2κ stand for the 2-dimensional simply connected complete
Riemannian manifold with constant curvature κ , and D(κ) denote the diameter of M2κ
(D(κ) = ∞ if κ  0). Given a triangle  = α1 ∪ α2 ∪ α3 in a metric space X where
αi : [ai, bi] → X (i = 1,2,3), a triangle ′ in M2κ is a comparison triangle for  if they
have the same edge lengths, that is, if ′ = α′1∪α′2∪α′3 and α′i : [ai, bi]→M2κ (i = 1,2,3).
A point x ′ ∈ ′ corresponds to a point x ∈  if there is some i and some ti ∈ [ai, bi] with
x ′ = α′i (ti ) and x = αi(ti). We notice if the perimeter of a triangle = α1 ∪ α2 ∪ α3 in X
is less than 2D(κ), that is, if length(α1)+ length(α2)+ length(α3) < 2D(κ), then there is
a unique comparison triangle (up to isometry) in M2κ for .
Definition 2.1. A complete metric space X is called a CAT(κ) space if
(i) every two points x1, x2 ∈ X with d(x1, x2) < D(κ) are connected by a minimal
geodesic segment;
(ii) for any triangle  in X with perimeter less than 2D(κ) and any two points x, y ∈ ,
the inequality d(x, y) d(x ′, y ′) holds, where x ′ and y ′ are the points on a comparison
triangle for  corresponding to x and y , respectively.
A complete metric space has curvature  κ if each point has a CAT(κ) neighborhood.
A simply connected complete Riemannian manifold with sectional curvature  κ
(κ  0) is CAT(κ). Simplicial metric trees and more generally R-trees are CAT(κ) for
any κ . The following lemma follows from the above definition.
Lemma 2.2. Let X be a CAT(1) space and α : [a, b] → X a geodesic with a < b and
α(a)= α(b). Then the length of α is at least 2π .
2.2. Hadamard spaces and their ideal boundaries
A CAT(0) space is also called a Hadamard space. Let (X,d) be a Hadamard space.
Then the distance function d :X ×X→ R is convex, there is a unique geodesic segment
between any two points and X is contractible. For any x, y ∈ X, xy denotes the unique
geodesic segment connecting x and y . A ray starting fromp ∈X is a geodesic c : [0,∞)→
X with c(0)= p. Two rays c1 and c2 are asymptotic if d(c1(t), c2(t)) is a bounded function
on the interval [0,∞). The ideal boundary of X is the set ∂X of asymptotic classes of rays
in X. For any p ∈X and any ξ ∈ ∂X, there is a unique ray (denoted by pξ ) that starts from
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p and belongs to ξ . Thus for any p ∈ X we can identify ∂X with the set of rays starting
from p. Let c and ci (i = 1,2, . . .) be rays starting from p; we say {ci}∞i=1 converges
to c if ci converges to c uniformly on compact subsets of [0,∞). Similarly for xi ∈ X
(i = 1,2, . . .), we say {xi}∞i=1 converges to ξ ∈X ∪ ∂X if pxi converges to pξ uniformly
on compact subsets. In this way we define a topology onX∪∂X. It is easy to check that this
topology is independent of the point p ∈X. Both this topology and the induced topology
on ∂X are called the cone topology. The topology on X induced by the cone topology
coincides with the metric topology on X. ∂X together with the cone topology is called the
geometric boundary of X, and denoted by ∂∞X. We set X =X ∪ ∂∞X.
The Tits metric on the ideal boundary is defined as follows. Let ξ, η ∈ ∂∞X. For p ∈X,
let c1(t) and c2(t) be the rays that start from p and asymptotic to ξ and η, respectively.
The Tits angle  T (ξ, η) between ξ and η is given by:
sin
( 
T (ξ, η)
2
)
= lim
t→∞
d(c1(t), c2(t))
2t
.
This definition is independent of the point p. The Tits metric dT is the path metric induced
by  T . In particular, if ξ, η ∈ ∂∞X are in different Tits components, then dT (ξ, η) =∞.
∂∞X with the Tits metric dT is called the Tits boundary of X and denoted by ∂T X. The
Tits topology and the cone topology are generally quite different.
Below we collect some basic facts concerning the Tits metric. For more details please
see [6,7]. For any geodesic c :R→X in a Hadamard space, we call the two points in ∂∞X
determined by the two rays c|[0,+∞) and c|(−∞,0] the endpoints of c, and denote them by
c(+∞) and c(−∞), respectively.
Proposition 2.3. Let X be a Hadamard space and ξ, η ∈ ∂T X.
(i) ∂T X is a CAT(1) space;
(ii) If X is locally compact and dT (ξ, η) > π , then there is a geodesic in X with ξ, η as
endpoints;
(iii) If X is locally compact and dT (ξ, η) <∞, then there is a minimal geodesic in ∂T X
from ξ to η.
Let X be a Hadamard space and g :X→X an isometry of X. g is called a hyperbolic
isometry if it translates a geodesic, that is, if there is a geodesic c :R→ X and a positive
number l so that g(c(t))= c(t+ l) for all t ∈R; the geodesic c is called an axis of g. All the
axes of g are parallel, thus it makes sense to denote g(+∞)= c(+∞), g(−∞)= c(−∞).
Recall two geodesics c1, c2 :R → X are parallel if d(c1(t), c2(t)) is a bounded function
over R.
For a hyperbolic isometry g, let Min(g) be the union of all the axes of g. The subset
Min(g) ⊂ X is closed and convex in X and splits isometrically as Y × R, where each
{y}×R (y ∈ Y ) is an axis of g. The geometric boundary ∂∞ Min(g) naturally embeds into
∂∞X.
Each isometry g of X induces a homeomorphism of the geometric boundary ∂∞X,
which we still denote by g.
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Theorem 2.4 [22]. Let X be a Hadamard space and g a hyperbolic isometry of X. Then
the fixed point set of g on ∂∞X is ∂∞ Min(g).
2.3. Real analytic 4-manifolds with nonpositive sectional curvature
In this section we recall some facts concerning the universal covers of real analytic
closed 4-manifolds with nonpositive sectional curvature. The reader is referred to [23,17,2]
for more details.
LetX be a Hadamard manifold, i.e., a simply connected complete Riemannian manifold
with nonpositive sectional curvature. A k-flat in X is a totally geodesic submanifold
isometric to the k-dimensional Euclidean space Ek . We say X has higher rank if each
geodesic in X is contained in a 2-flat, and X has rank 1, otherwise. A complete totally
geodesic submanifold ofX is a higher rank submanifold if it has higher rank as a Hadamard
manifold. A maximal higher rank submanifold of X is a higher rank submanifold that is
maximal with respect to inclusion.
Let M be a closed Riemannian manifold with nonpositive sectional curvature and X its
universal cover. Then M =X/Γ where Γ is the group of deck transformations acting on X
as isometries. A complete totally geodesic submanifold W of X is closed if W/StabΓ W
is compact, where StabΓ W = {γ ∈ Γ : γ (W)=W } is the stabilizer of W in Γ . We say M
is of rank 1 if X is of rank 1.
Theorem 2.5 [23]. Let M =X/Γ be a rank 1 closed real analytic 4-manifold of nonpos-
itive sectional curvature. Then:
(i) each maximal higher rank submanifold of X is isometric to one of the following: E2,
E
3
, Q×R, where Q is a nonflat 2-dimensional Hadamard manifold;
(ii) each maximal higher rank submanifold is closed;
(iii) there are only a finite number of maximal higher rank submanifolds modulo Γ ;
(iv) W1 ∩W2 ∩W3 = φ for any three distinct 3-dimensional higher rank submanifolds
W1, W2, W3 of X.
For M = X/Γ as in Theorem 2.5, we let W be the set of maximal higher rank
submanifolds of X that are of the form Q × R for nonflat 2-dimensional Hadamard
manifolds Q.
Theorem 2.6 [23]. Let M = X/Γ be a rank 1 closed real analytic 4-manifold of non-
positive sectional curvature, and W1, W2 maximal higher rank submanifolds of X with
W1 ∩W2 = φ. Then one of the following holds:
(i) W1, W2 are both isometric to E2. In this case W1 ∩W2 is a point;
(ii) W1,W2 ∈W . In this case, W1 and W2 are perpendicular to each other, W1 ∩W2 is
a 2-flat and W1 ∩W2 = c1 ×R ⊂Q1 ×R =W1 for a geodesic c1 of Q1.
Notice for a complete totally geodesic submanifold W of X, the geometric boundary
∂∞W naturally embeds into ∂∞X.
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Theorem 2.7 [17]. Let M = X/Γ be a rank 1 closed real analytic 4-manifold of
nonpositive sectional curvature, and ∂T X the Tits boundary of X. Assume C is a connected
component of ∂T X. Then exactly one of the following statements is true:
(i) C consists of a single point;
(ii) C = ∂∞F , where F is a 2-flat;
(iii) C = ∂∞F , where F is a 3-flat;
(iv) C =⋃W∈W∗ ∂∞W , where W∗ ⊂W is a subset such that ⋃W∈W∗ W is a connected
component of ⋃W∈WW ⊂X;
(v) C is isometric to a closed interval with length < π .
For convenience, we introduce the following definition.
Definition 2.8. Let M = X/Γ be a rank 1 closed real analytic 4-manifold of nonpositive
sectional curvature. An n-cycle in X is a sequence of n distinct higher rank submanifolds
W1, W2, . . . ,Wn such that all Wi ∈W and Wi ∩Wi+1 = φ for all i , where indices are taken
modulo n. A cycle in X is an n-cycle for some n.
The proof of the following proposition is contained in the second paragraph on p. 551
of [17].
Proposition 2.9 [17]. Let M = X/Γ be a rank 1 closed real analytic 4-manifold of
nonpositive sectional curvature. If there is an n-cycle in X, then n 5.
For any metric space Z and any A ⊂ Z, ε > 0, the ε-neighborhood of A is Nε(A) =
{z ∈ Z: d(z, a) < ε for some a ∈ A}. Let X be a Hadamard manifold. Two complete
totally geodesic submanifolds H1 and H2 of X are parallel if there is some ε > 0 with
H2 ⊂Nε(H1) and H1 ⊂Nε(H2). Let H be a complete totally geodesic submanifold of X,
the parallel set PH of H is the union of all complete totally geodesic submanifolds of
X that are parallel to H . PH is a closed convex subset of X and splits isometrically as
PH = H × Y , where each H × {y} (y ∈ Y ) is a complete totally geodesic submanifold
parallel to H . In general PH has boundary and is not a manifold. When the Riemannian
manifold X is real analytic, PH is complete totally geodesic.
2.4. Rank one isometries and free groups
Let X be a Hadamard space. A flat half plane in X is the image of an isometric
embedding f : {(x, y) ∈ E2: y  0}→X, and in this case we say the geodesic c :R→X,
c(t)= f (t,0) bounds the flat half plane.
Definition 2.10. A hyperbolic isometry g of a Hadamard space X is called a rank one
isometry if no axis of g bounds a flat half plane.
If X is a Gromov hyperbolic Hadamard space, then each hyperbolic isometry of X is
rank one. We note a CAT(−1) space is Gromov hyperbolic [7]. The following theorem is
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due to W. Ballmann in the case of locally compact Hadamard spaces and to M. Gromov
in the case of Gromov hyperbolic spaces. Recall an isometry g of a Hadamard space X
induces a homeomorphism of X, which we still denote by g.
Theorem 2.11 [3,14]. Let X be a Hadamard space that is either locally compact or
Gromov hyperbolic, and g a rank one isometry of X. Given any neighborhoods U of
g(+∞) and V of g(−∞) in X, there is an n  0 such that gk(X − V ) ⊂ U and
g−k(X−U)⊂ V whenever k  n.
Theorem 2.11 in particular implies g(+∞) and g(−∞) are the only fixed points of g
in X under the conditions of the theorem.
Let G be a group acting by isometries on a Hadamard space X. The action is said to be
proper if for any compact subset K ⊂X the set {g ∈G: g(K) ∩K = φ} is finite. G also
acts on X as homeomorphisms. A subset A⊂X is G-invariant if g(A)=A for all g ∈G.
Theorem 2.11 has the following two corollaries.
Corollary 2.12. Let X be a Hadamard space that is either locally compact or Gromov
hyperbolic, G a group of isometries of X and g ∈G a rank one isometry with fixed points
g(+∞), g(−∞). Then one of the following holds:
(i) g(+∞) or g(−∞) is fixed by all elements of G;
(ii) some axis c of g is G-invariant;
(iii) G contains a free group of rank two.
Recall a group is virtually free Abelian if a finite index subgroup is free Abelian.
A virtually infinite cyclic group is similarly defined.
Corollary 2.13. Let G act properly and cocompactly by isometries on a CAT(0) space, and
H a subgroup of G. If H contains a rank one isometry, then H either is virtually infinite
cyclic or contains a free group of rank two.
For any two isometries g and h of a Hadamard space X, 〈g,h〉 denotes the group
generated by g and h.
Theorem 2.14 [22]. Let X be a locally compact Hadamard space and g, h two hyper-
bolic isometries of X. If dT (ξ, η) > π whenever ξ ∈ {g(+∞), g(−∞)} and η ∈ {h(+∞),
h(−∞)}, then 〈g,h〉 contains a free group of rank two.
It follows from Theorem 2.14 that if there are two distinct Tits components C1 and
C2 such that {g(+∞), g(−∞)} ⊂ C1 and {h(+∞), h(−∞)} ⊂ C2, then the group 〈g,h〉
contains a free group of rank two.
2.5. Action on the limit set
Let Isom(X) be the group of all isometries of a Hadamard space X, and Γ ⊂ Isom(X)
any subgroup. A point ξ ∈ ∂∞X is a limit point of Γ if there is a sequence of elements
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{γi}∞ ⊂ Γ with γi(x)→ ξ for some (hence any) x ∈X. The limit set Λ(Γ )⊂ ∂∞X of Γi=1
is the set of limit points of Γ . It is easy to check that Λ(Γ ) is closed (in the cone topology)
and Γ -invariant.
Definition 2.15. A nonempty closed and Γ -invariant subset M ⊂ ∂∞X is Γ -minimal if it
does not contain any proper subset that is closed and Γ -invariant.
When the Hadamard space X is locally compact, the geometric boundary ∂∞X and
all its closed subsets are compact. It follows from Zorn’s lemma that there is at least one
Γ -minimal set when X is locally compact.
We recall two point ξ, η ∈ ∂∞X are Γ -dual if there is a sequence of elements {γi}∞i=1 ⊂
Γ such that γi(x)→ ξ and γ−1i (x)→ η for some (hence any) x ∈X as i→∞. Clearly if
ξ, η ∈ ∂∞X are Γ -dual then ξ, η ∈Λ(Γ ). For any ξ ∈Λ(Γ ), Dξ ⊂Λ(Γ ) denotes the set
of points that are Γ -dual to ξ . It is not hard to check that Dξ is closed and Γ -invariant.
Lemma 2.16 [3]. Let X be a locally compact Hadamard space and Γ ⊂ Isom(X)
a subgroup. If ξ, η ∈ ∂∞X are Γ -dual and dT (ξ, η) > π , then Γ contains rank one
isometries.
Lemma 2.17 [10]. LetX be a Hadamard space and Γ ⊂ Isom(X) a subgroup. If ξ ∈Λ(Γ )
and η ∈ ∂∞X are the endpoints of a geodesic in X, then Dξ ⊂ Γ (η).
The argument in the following proof belongs to Ballmann and Buyalo [4], who assumed
Λ(Γ )= ∂∞X.
Proposition 2.18. Suppose Γ is a group of isometries of a locally compact Hadamard
space X. If Γ does not contain any rank one isometry, then dT (m,η)  π for any
Γ -minimal set M ⊂Λ(Γ ) and any m ∈M , ξ ∈Λ(Γ ).
Proof. Let M ⊂ Λ(Γ ) be an arbitrary Γ -minimal set and m ∈M . Clearly M = Γ (m).
Assume there is some η ∈ Λ(Γ ) with dT (m,η) > π . By Proposition 2.3(ii), there is a
geodesic in X with m and η as endpoints. Lemma 2.17 implies Dη ⊂ Γ (m) =M . Since
Dη is nonempty, closed and Γ -invariant and M is Γ -minimal, Dη = M . In particular,
m ∈M =Dη and m, η are Γ -dual. Now Lemma 2.16 implies there are rank one isometries
in Γ since we assumed dT (m,η) > π . ✷
Corollary 2.19. Suppose Γ is a group of isometries of a locally compact Hadamard
space X. If Γ does not contain any rank one isometry, then Λ(Γ ) has diameter at most 2π
in the Tits metric.
3. 3-manifold groups
In this section we study 3-manifold groups and establish the Tits alternative for funda-
mental groups of closed 3-manifolds with nonpositive sectional curvature (Theorem 3.7).
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Although Theorem 3.3 should be known to many people, we still include a sketch of the
proof. The main reason for doing so is that our proof uses group actions on trees and is a
simplified version of the proof in Section 4. The reader is referred to [15,19] for definitions
and basic facts concerning 3-manifolds.
Definition 3.1. A group G has the TA-property if it is virtually free Abelian or contains a
free group of rank two.
The following lemma is clear.
Lemma 3.2. A group has the TA-property if some finite index subgroup does.
Theorem 3.3. LetM be a Haken 3-manifold whose boundary has zero Euler characteristic,
and H ⊂ π1(M) a subgroup. Then H has the TA-property except in the following two
cases:
(i) M is finitely covered by a torus bundle over S1 and H has finite index in π1(M);
(ii) M is finitely covered by a S1-bundle over the torus and H has finite index in π1(M).
Proof (Sketch). By Lemma 3.2 we may assume M is orientable by considering its
orientable double cover if necessary. M admits the so-called JSJ decomposition: there is
a collection of disjoint embedded tori {T1, . . . , Tk} in M such that the homomorphism
π1(Ti) → π1(M) induced by inclusion is injective for each i , and each component of
M −⋃ki=1 Ti is either a Seifert manifold or an atoroidal manifold. Let π : M˜ →M be the
projection from the universal cover to M . Each component of⋃π−1(Ti) is homeomorphic
to R2, and is called a plane. Now we construct a graph T from the induced decomposition
of M˜ . The vertex set of T is in one-to-one correspondence with the set of components of
M˜ −⋃ki=1 π−1(Ti). Two vertices are joined by an edge if the intersection of the closures
of the corresponding components is a plane. The fact that each plane is separating implies
the graph T is actually a tree. The action of π1(M) on M˜ preserves the decomposition and
induces an action on the tree T . Hence any subgroup H ⊂ π1(M) also acts on T .
For the action of a group H on a tree T : (see [21]) if H does not contain a free group
of rank two, then one of the following holds:
(1) H fixes a point in T ,
(2) H fixes some ξ ∈ ∂∞T ,
(3) H leaves invariant a geodesic c in T .
Now we need to analyze these three cases.
First suppose H fixes a point in T . We may assume H fixes a vertex of T by passing to
an index two subgroup if necessary. The component of M˜ −⋃ki=1 π−1(Ti) corresponding
to this vertex projects down either to a Seifert manifold N or to an atoroidal manifold N ,
and H is a subgroup of π1(N). If N is an atoroidal manifold, Thurston’s theorem says
N admits a hyperbolic structure with finite volume. In this case it is clear that H has the
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TA-property. If N is a Seifert manifold, then H has the TA-property unless H has finite
index in π1(M) and M is finitely covered by a circle bundle over the torus.
Suppose H stabilizes a geodesic c in T . After passing to an index two subgroup if
necessary, each h ∈H translates c. By considering the restricted action of H on c we have
an exact sequence: 1 →H ′ →H → Z→ 1, where H ′ ⊂H is the subgroup consisting of
elements of H that fix c pointwise. Since the stabilizer of each edge in π1(M) is Z2, H ′
is Zk with k  2. If k  1, then H is clearly virtually Zk+1. If k = 2, by consideration of
cohomological dimension we see H has finite index in π1(M) and M is finitely covered
by a torus bundle over a circle. The case when H fixes some ξ ∈ ∂∞T can be handled
similarly. ✷
Remark 3.4. In the two exceptional cases of Theorem 3.3, both π1(M) and H are virtually
solvable.
The following is a special case of E. Swenson’s theorem.
Theorem 3.5 [25]. Let X be a Hadamard space and G a group acting properly and
cocompactly by isometries on X. Suppose H,K ⊂ G are subgroups and A,B ⊂ X are
closed convex subsets such that h(A) = A, k(B) = B for all h ∈ H, k ∈ K and A/H ,
B/K are compact. If A∩B = φ, then H ∩K acts cocompactly on A∩B .
Recall for any group G and any g ∈ G, the centralizer of g in G is Cg(G) = {γ ∈
G: γg = gγ }.
Theorem 3.6 [22]. Let X be a Hadamard space, G a group acting properly and
cocompactly by isometries on X and g ∈ G a hyperbolic isometry. Then Min(g) is
invariant under Cg(G) and Cg(G) acts cocompactly on Min(g).
Now we are ready to establish the Tits alternative for fundamental groups of closed
3-manifolds with nonpositive sectional curvature.
Theorem 3.7. Let M be a closed 3-manifold with nonpositive sectional curvature. Then
every subgroup H ⊂ π1(M) has the TA-property.
Let π :X → M be the universal cover of M . Then π1(M) acts on the Hadamard
manifold X properly and cocompactly by isometries. We say a 2-flat F ⊂ X is closed
if Stabπ1(M) F acts cocompactly on F .
Lemma 3.8. Assume M is orientable. If F ⊂ X is a closed 2-flat such that for any
g ∈ π1(M) either g(F ) = F or g(F ) ∩ F = φ holds, then every subgroup H ⊂ π1(M)
has the TA-property.
Proof. The assumption implies π(F) is an embedded torus or Klein bottle. Since M
is an orientable irreducible closed 3-manifold, and the inclusion π(F) ⊂ M induces an
injective homomorphism on the fundamental groups, M is a Haken manifold. The lemma
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now follows from Theorem 3.3 as any solvable subgroup of a group acting properly and
cocompactly by isometries on a Hadamard space is virtually free Abelian (see [7]). ✷
Lemma 3.9. Suppose there is a closed 2-flatA⊂X and some g0 ∈ π1(M) with g0(A) =A
and g0(A) ∩ A = φ. Then either X is isometric to S × R for a Hadamard 2-manifold
S or there is a closed 2-flat F ⊂ X such that for any g ∈ π1(M) either g(F ) = F or
g(F ) ∩F = φ holds.
Proof. Since X is a Hadamard 3-manifold and A and g0(A) are 2-flats, the intersection
c := A ∩ g0(A) is a complete geodesic. Set H = Stabπ1(M) A, K = g0Hg−10 and B =
g0(A). Then K = Stabπ1(M) B and H,K and A,B satisfy the assumptions in Theorem 3.5.
It follows that H ∩K acts cocompactly on c=A∩B and therefore must be infinite cyclic.
Let h be a generator of H ∩K and Pc the parallel set of c. Note c is an axis of h.
Pc isometrically splits Pc = Y ×R, where Y ⊂X is closed and convex in X and for each
y ∈ Y , {y}×R is parallel to c (see [7]). Since A,B ⊂ Pc and X is a Hadamard 3-manifold,
we see Y is a surface (possibly with boundary). There is a complete geodesic γ ⊂ Y and
some y0 ∈ γ with A = γ × R and c = {y0} × R. h(Pc) = Pc and h acts on Pc = Y × R
as h= (h0, t), where t is a translation on R and h0 is an isometry of Y with h0(y0)= y0
and h0(γ ) = γ . Since Y is a surface, h20 = id. By replacing h with h2 if necessary we
may assume h0 is trivial. It follows that Min(h) = Pc . By Theorem 3.6 Ch(π1(M)) acts
cocompactly on Min(h)= Y ×R.
If Y is a surface without boundary, then X = Y × R since X is a 3-manifold and Y
is a closed convex subset of X. Suppose Y is a surface with nonempty boundary B(Y ).
Let Y0 ⊂ Y be the convex core of Y , that is, the smallest closed convex subset of Y with
∂∞Y0 = ∂∞Y (see [20]). Then Y ⊂ Nε(Y0) for some ε > 0 and the manifold boundary
B(Y0) of Y0 consists of disjoint complete geodesics. Note Ch(π1(M)) leaves Y0 × R
invariant and acts on it cocompactly. Hence for each complete geodesic γ ′ in B(Y0), γ ′ ×R
is a closed 2-flat in X. Fix a geodesic γ ′ ⊂ B(Y0) and set F1 = γ ′ ×R. Now it suffices to
show that for any g ∈ π1(M) either g(F1)= F1 or g(F1)∩F1 = φ.
Suppose there is some g ∈ π1(M) with g(F1) = F1 and g(F1) ∩ F1 = φ. Set F2 =
g(F1). Since F1 and F2 are 2-flats and F1 is a boundary component of Y0 × R, F2
is not contained in Nr(Y0 × R) for any r > 0. In particular, F2 is not contained in
Pc ⊂ Nε(Y0 × R). It follows that the geodesic c′ := F1 ∩ F2 is not parallel to c, since
otherwise F2 ⊂ Pc, a contradiction.
Since Y0 × R ⊂ X is a closed convex subset whose boundary is a disjoint union of
2-flats, (Y0 × R) ∩ F2 is a closed convex subset of the 2-flat F2 whose boundary consists
of disjoint complete geodesics. It follows that (Y0 × R) ∩ F2 is either a flat strip(with
positive width) or a closed half plane. In either case, there is a geodesic c′′ ⊂ F2 ∩ (Y0×R)
such that c′′ is parallel to c′ and d(c′, c′′) > 0. There is a complete geodesic γ ′′ ⊂ Y0 with
c′′ ⊂ γ ′′ ×R. Since c′′ and c′ are parallel, γ ′′ and γ ′ are parallel and bound a flat strip in Y0.
The fact that Y0 is the convex core of Y implies γ ′′ = γ ′ and so c′′ ⊂ F1, contradicting to
the fact that F1, F2 intersect transversally. ✷
Proof of Theorem 3.7. By Lemma 3.2, we may assume M is orientable by passing to its
orientable double cover if necessary. First suppose X is isometric to S×R for a Hadamard
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2-manifold S. If S is isometric to the Euclidean plane, then the theorem follows from
Bieberbach’s theorem. If S is a nonflat Hadamard 2-manifold, then the theorem follows
from results on surface groups.
By a theorem of Eberlein (see [13]) either X contains a 2-flat or π1(M) is Gromov
hyperbolic. The theorem clearly holds in the later case. From now on we assume M
is orientable, X contains a 2-flat and X is not isometric to S × R for any Hadamard
2-manifold S.
A theorem of Schroeder [24] says X contains a closed 2-flat A. The theorem follows
from Lemma 3.8 if for any g ∈ π1(M) either g(A)= A or g(A) ∩A= φ holds. Suppose
there is some g0 ∈ π1(M) with g0(A) = A and g0(A) ∩A = φ. Then Lemma 3.9 implies
there is a closed 2-flat F ⊂ X such that for any g ∈ π1(M) either g(F ) = F or g(F ) ∩
F = φ holds. Theorem 3.7 again follows from Lemma 3.8. ✷
4. Decomposition of real analytic 4-manifolds
In this section we shall prove one of the main results (Theorem 4.1) of the paper. The
definition of a cycle is given in Definition 2.8.
Theorem 4.1. Let M = X/Γ be a rank 1 closed real analytic 4-manifold of nonpositive
sectional curvature. Suppose there are no cycles in X. If a subgroup of Γ is not virtually
free Abelian, then it contains a free group of rank two.
Remark 4.2. There exist real analytic closed 4-manifolds (see [2]) satisfying the
assumptions of the theorem.
Let M =X/Γ be as in Theorem 4.1. We shall decompose X into convex domains and
construct a 2-complex Y associated to the decomposition. The 2-complex Y is a CAT(−1)
space and the group Γ acts on Y as a group of isometries. Thus any subgroup H of Γ also
acts on Y as isometries. A group acting on a CAT(−1) space contains a free group of rank
two unless it fixes a point in Y = Y ∪ ∂∞Y or stabilizes a geodesic. Therefore it suffices to
consider these special cases.
The decomposition and the associated 2-complex should be considered as analogues of
JSJ decomposition and the associated Bass–Serre tree in 3-manifold theory.
4.1. Decomposition and the associated 2-complex
Let M = X/Γ be a rank 1 closed real analytic 4-manifold of nonpositive sectional
curvature. In this section we shall decompose X, construct the associated 2-complex Y
and prove Y is a CAT(−1) space.
We use the results and notation of Section 2.3. Recall W is the set of maximal higher
rank submanifolds of X that are of the form Q× R for nonflat 2-dimensional Hadamard
manifolds Q. Each W ∈W is called a wall. We notice each wall W is totally geodesic and
X−W has two components. Set X0 = X −⋃W∈WW . We say two components C1 and
C2 of X0 are separated by a wall W if they lie in different components of X−W , and say
X. Xie / Topology and its Applications 136 (2004) 87–121 101
C1 and C2 lie on the same side of W if they lie in the same component of X−W . Similarly
we define two points x, y ∈X −W either to be separated by W or to lie on the same side
of W .
SupposeW1,W2 are two walls withW1∩W2 = φ. Then by Theorem 2.5W1∩W2∩W =
φ for any wall W =W1,W2. Since each wall is closed, and there are only a finite number
of walls modulo Γ , there is some ε > 0 depending only on M with d(W1 ∩W2,W) > ε
for any wall W =W1,W2. It follows that there are 4 components C1, C2, C3, C4 of X0
with W1 ∩W2 ⊂ Ci (i = 1,2,3,4) and W1 ∩W2 ∩ C = φ for any component C of X0,
C = C1,C2,C3,C4. By suitably labeling the 4 components C1, C2, C3, C4, we may
assume the following intersections are 3-dimensional: C1 ∩ C2 ⊂ W1, C2 ∩ C3 ⊂ W2,
C3 ∩C4 ⊂W1, C4 ∩C1 ⊂W2.
Now we construct the 2-complex Y . The set V of vertices of Y is in one-to-one
correspondence with the set of components of X0. We denote by Cv the component of X0
that corresponds to the vertex v ∈ V . Two vertices v1 and v2 are joined by an edge (denoted
by v1v2) if and only if Cv1 ∩ Cv2 is three-dimensional. When W1, W2 are two walls with
W1 ∩W2 = φ, there are 4 components Cv1 , Cv2 , Cv3 , Cv4 of X0 such that the following
intersections are 3-dimensional: Cv1 ∩ Cv2 ⊂ W1, Cv2 ∩ Cv3 ⊂ W2, Cv3 ∩ Cv4 ⊂ W1,
Cv4 ∩ Cv1 ⊂W2. Thus there are the following edges in Y : v1v2, v2v3, v3v4, v4v1. Now
whenever there are two walls W1, W2 with W1 ∩W2 = φ, and v1v2, v2v3, v3v4, v4v1 the
corresponding edges in Y as described above, we attach a square (denoted by S(W1,W2))
along these 4 edges. The construction of Y is complete.
Next we will put a metric on Y . A hyperbolic square is a closed convex region in the
real hyperbolic plane whose boundary is the union of 4 geodesic segments such that the
4 geodesic segments are of the same length and the interior angles at the endpoints of
these geodesic segments are all equal; each of the 4 geodesic segments is called an edge
and the endpoints of the 4 geodesic segments are called vertices. Let S0 be a hyperbolic
square so that the interior angle α at the vertices satisfies: α > 25π . Let l be the length of
an edge of S0. Now we declare that all the edges in Y have length l, and all the squares in
Y are isometric to S0. Thus Y is a piecewise hyperbolic 2-complex. Since there are only a
finite number (actually 3 types) of isometry types of cells in Y , Y with the path metric is a
complete geodesic metric space (see [7]). We shall show that Y is a CAT(−1) space.
We first look at the intersection Cv1 ∩Cv2 for each edge v1v2 of Y .
Lemma 4.3. Let W = Q × R be a wall so that W ∩ W1 = φ for some wall W1 = W .
Suppose Z is a component of W −⋃W ′ =W W ′, where W ′ varies over all walls that are
distinct from W . Then the closure Z of Z has the form: Z =Q′ ×R ⊂Q×R =W , where
Q′ ⊂Q is a closed convex subset of Q and is the universal cover of a nonpositively curved
compact surface with closed geodesics on the boundary.
Proof. Recall (see Theorem 2.6) if W ∩ W ′ = φ, then W ∩ W ′ = c × R ⊂ Q × R for
a complete geodesic c in Q. And W ∩ W ′ ∩ W ′′ = φ if W , W ′, W ′′ are three distinct
walls. Thus W −⋃W ′ =W W ′ =Q×R−⋃i (ci ×R), where {ci} is a disjoint collection of
complete geodesics in Q. Since W is closed and there are only a finite number of maximal
higher rank submanifolds modulo Γ , the lemma follows. ✷
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For any wall W , let XW = X −⋃W ′ =W W ′ where W ′ varies over all walls different
from W .
Lemma 4.4. Let v1v2 be an edge of Y . Then:
(i) Cv1 , Cv2 are separated by a unique wall W ;
(ii) for any x1 ∈ Cv1 and x2 ∈ Cv2 , W is the only wall that intersects the geodesic segment
x1x2, and the intersection is transversal;
(iii) if E is the component of XW that contains Cv1 , then Cv1 and Cv2 are the only two
components of X0 contained in E.
Proof. (i) Since v1, v2 are distinct, Cv1 , Cv2 are distinct and are thus separated by at least
one wall. By the construction of Y , Cv1 ∩ Cv2 is three-dimensional. Let W be any wall
that separates Cv1 and Cv2 . Then Cv1 ∩ Cv2 ⊂W+ ∩W− =W , where W+ and W− are
the closures of the two components of X−W . Since for any two distinct walls W1, W2 the
intersection W1 ∩W2 is at most 2-dimensional, there is exactly one wall W that separates
Cv1 and Cv2 .
(ii) Let W ′ be a wall with W ′ ∩ x1x2 = φ. The intersection must be transversal since W ′
is totally geodesic and x1 /∈W ′. Thus x1 and x2 are in different components of X−W ′.
It follows that Cv1 and Cv2 are contained in different components of X−W ′ and W ′
separates Cv1 and Cv2 . Now (i) implies W ′ =W .
(iii) From (ii) we see for any x1 ∈ Cv1 and x2 ∈ Cv2 , the segment x1x2 is contained in E.
Thus E contains both Cv1 and Cv2 . Let C = Cv1 be a component of X0 contained in E.
C = Cv1 implies C and Cv1 are separated by a wall, which must be W by the definition
of E. Now there is no wall separating Cv2 and C and we have C = Cv2 . ✷
By the Cartan–Hadamard theorem, to prove Y is CAT(−1) it suffices to show Y
is simply connected and has curvature −1. Since Y is piecewise hyperbolic, Y has
curvature −1 if all the vertex links are CAT(1). The vertex links are metric graphs and
a metric graph is CAT(1) if and only if each injective edge loop has length at least 2π .
By the construction of Y , the edges in the vertex links all have the same length α > 25π .
Therefore the vertex links are CAT(1) if each injective edge loop (in the links) has at least
5 edges.
Lemma 4.5. Let v ∈ Y be a vertex of Y and Link(v,Y ) the link of v in Y . Then each
injective edge loop in Link(v,Y ) has at least 5 edges. In particular, Y has curvature−1.
Proof. Let e be an edge in Link(v,Y ). Then e corresponds to a square S of Y that has v as
one of its 4 vertices. Let v, v1, v′, v2 be the 4 vertices of S in cyclic order. By Lemma 4.4,
there is a unique wall W1 that separates Cv and Cv1 and a unique wall W2 that separates
Cv and Cv2 . By the construction of Y , W1 ∩W2 = φ and the square S is determined by W1
and W2. The two endpoints of e uniquely determine v1 and v2, v1 and v2 then uniquely
determine W1 and W2, and W1 and W2 in turn uniquely determine the square S. It follows
that the edge e is uniquely determined by its two endpoints. Therefore there is no injective
edge loop with length 2 in Link(v,Y ).
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Now let L be an injective edge loop in Link(v,Y ) consisting of n edges. Then there
are n edges vvi (i = 1,2, . . . , n) in Y so that vvi , vvi+1 (indices are taken modulo n)
are two edges of a square. It follows from the preceding paragraph that there are walls
W1, . . . ,Wn such that Wi is the only wall separating Cv and Cvi and Wi ∩Wi+1 = φ for
all i where indices are taken modulo n. Suppose there are indices i and j with i = j and
Wi =Wj . Let E be the component of XWi containing Cv . Lemma 4.4 applied to the edge
vvi implies Cv,Cvi ⊂E. Similarly Cv,Cvj ⊂ E as Wi =Wj . Since L is an injective loop
in Link(v,Y ), i = j implies vi = vj . Therefore Cvi = Cvj and there are three distinct
components Cv,Cvi ,Cvj of X0 contained in E, contradicting to Lemma 4.4. It follows
that W1, . . . ,Wn are all distinct and form an n-cycle in X. Now Proposition 2.9 completes
the proof. ✷
Lemma 4.6. Any edge loop in Y is homotopically trivial. In particular, Y is simply
connected.
Proof. We induct on the length of an edge loop. By the construction of Y , two vertices are
connected by at most one edge and there is no injective edge loop with length 2.
Let l be an injective edge loop in Y and v1, . . . , vn the vertices on l in cyclic order. Let
xi ∈ Cvi be an arbitrary point. Notice the components Cvi (i = 1, . . . , n) are all distinct
since l is an injective edge loop. Denote by Wi the unique wall that separates Cvi and Cvi+1
(here indices are taken modulo n). By Lemma 4.4 Wi is the only wall intersecting xixi+1.
Let L=⋃ni=1 xixi+1. Clearly L is a loop in X.
Suppose n= 3. Since W1 separates x1 and x2, the path x2x3 ∗ x3x1 must intersect W1.
From the preceding paragraph the path x2x3 ∗ x3x1 only intersects W2 and W3, we
have W2 = W1 or W3 =W1. We may assume W2 =W1, the other case being handled
similarly. Let E2 be the component of XW2 that contains Cv2 . Then Lemma 4.4 implies
the three distinct components Cv1 , Cv2 , Cv3 are all contained in E2 since W2 =W1, which
contradicts to the same lemma. It follows that there is no injective edge loop with length 3.
Now suppose n 4. Since W1 separates x1 and x2, the path L−x1x2 must intersect W1.
By construction the path L − x1x2 only intersects W2, . . . ,Wn. So Wi =W1 for at least
one i , 2  i  n. Let m be the largest such i . Then x1 and xm+1 lie on one side of W1,
and x2 and xm lie on the other side of W1. The argument in the preceding paragraph
shows x1 = xm+1 and x2 = xm since l is an injective loop. Let z = x1x2 ∩ W1 and
z′ = xmxm+1 ∩W1. Since x2 = xm, we have Cvm = Cv2 , and by Lemma 4.4(iii) there is
at least one wall W ′, W ′ =W1 with W ′ ∩ zz′ = φ. Let {W ′1, . . . ,W ′k} be the set of walls
different from W1 that intersect zz′. Then W1 ∩W ′i = φ (i = 1, . . . , k) and S(W1,W ′i ) is a
square in Y . Set zi = zz′ ∩W ′i . We label the walls W ′1, . . . , W ′k so that d(z, zi) < d(z, zj )
whenever i < j . Then the interior of zz1 does not intersect any wall different from W1.
It follows that v1, v2 are vertices of S(W1,W ′1). Let v′2, v′′2 be the other two vertices of
S(W1,W ′1) so that Cv′2 , Cv2 lie on the same side of W1. Similarly we define v
′
i , v
′′
i for all
2 i  k + 1 so that v′k+1 = vm, v′′k+1 = vm+1 and all Cv′i (2 i  k + 1) lie on the same
side of W1.
Let l1 = v2v′2 ∗ · · · ∗ v′kvm, l2 = v1v′′2 ∗ · · · ∗ v′′k vm+1, l3 = v2v3 ∗ · · · ∗ vm−1vm,
l4 = vm+1vm+2 ∗ · · · ∗ vnv1 be oriented paths in Y and l−1i (i = 1,2,3,4) the same paths
with the reverse orientation. Set l′ = v1v2 ∗ l3 ∗ l−11 ∗ v2v1, l′′ = v1v2 ∗ l1 ∗ vmvm+1 ∗ l−12 ,
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l′′′ = l2 ∗ l4. Then l′, l′′ and l′′′ are oriented loops so that l = v1v2 ∗ l3 ∗ vmvm+1 ∗ l4 is
homotopic to l′ ∗ l′′ ∗ l′′′. Notice ⋃ki=1 S(W1,W ′i ) is homeomorphic to a square and l′′ is
its boundary. Therefore l′′ is homotopically trivial. Now we notice length(l3) k since the
path x2x3 ∗ · · · ∗ xm−1xm must cross all the walls W ′1, . . . ,W ′k . Similarly length(l4)  k.
Since length(l1)= length(l2)= k, the lengths of the loops l3∗ l−11 and l2 ∗ l4 are strictly less
than the length of l. The induction hypothesis implies l3 ∗ l−11 and l2 ∗ l4 are homotopically
trivial. Therefore l′ and l′′′ are homotopically trivial. It follows l is also homotopically
trivial. ✷
Lemmas 4.5 and 4.6 together imply the following proposition.
Proposition 4.7. The 2-complex Y is a CAT(−1) space.
Recall a group is said to have the TA-property if it is virtually free Abelian or contains
a free group of rank two. We note Theorem 4.1 holds if and only if any subgroup H
of Γ has the TA-property. Let H ⊂ Γ be a subgroup of Γ . By Lemma 3.2 we may
assume each h ∈H preserves the orientation of X, after passing to an index two subgroup
if necessary. Corollary 2.13 implies we may assume H does not contain any rank one
isometry. By Theorem 2.14, we may further assume there is a Tits component C ⊂ ∂T X so
that h(+∞), h(−∞) ∈ C for all h ∈H . If C = ∂T F for a maximal higher rank submanifold
F which is a 2-flat or 3-flat, then each element h ∈ H leaves F invariant. It follows that
H acts on the Euclidean space F properly and isometrically, and thus must be virtually
free Abelian by Bieberbach’s theorem.
From now on we assume H ⊂ Γ satisfies the following properties:
(a) each h ∈H preserves the orientation of X;
(b) H does not contain any rank one isometry;
(c) there is a unique Tits component C ⊂ ∂T X such that h(+∞), h(−∞) ∈ C for all
h ∈H ;
(d) the Tits component C has the following form: C =⋃W∈W∗ ∂∞W , where W∗ ⊂W is
a subset such that
⋃
W∈W∗ W is a connected component of
⋃
W∈WW ⊂X.
We shall also frequently pass to finite index subgroups of H .
4.2. Action on the 2-complex
Since W is invariant under the action of the group Γ , it is clear from the construction
of Y that Γ acts on Y as a group of cellular isometries. Any cellular isometry of Y either
is hyperbolic or has a fixed point in Y as Y only has a finite number of isometry types of
cells (see [8]). The fact that Y is a CAT(−1) space implies any hyperbolic isometry of Y
is of rank one. Thus any γ ∈ Γ either acts on Y as a rank one isometry or has a fixed point
in Y . Notice an element γ ∈ Γ may act as a rank one isometry on Y even if it is not rank
one (with respect to its action on X) in Γ .
For any γ ∈ Γ , let γY :Y → Y denote the induced isometry of γ on Y , and Fix(γY )⊂ Y
denote the fixed point set of γY . Let H ⊂ Γ be a subgroup satisfying the properties stated
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at the end of Section 4.1. As a subgroup of Γ , H also acts on Y as isometries. We shall
analyze the action of H and its individual elements on Y .
Lemma 4.8. Let S = S(W1,W2) be a square in Y and γ ∈ Γ . If γY (S) = S, then
γ (W1 ∩W2)=W1 ∩W2.
Proof. SinceW1,W2 are uniquely determined by S, γY (S)= S implies {γ (W1), γ (W2)} =
{W1,W2}. The lemma follows. ✷
Let e= v1v2 be an edge in Y , and C1, C2 the two components of X0 corresponding to
v1, v2, respectively. Lemma 4.4 implies there is a unique wall separating C1 and C2. The
following lemma is clear.
Lemma 4.9. Let e= v1v2 be an edge in Y , C1, C2 the two components ofX0 corresponding
to v1, v2, respectively, and W the unique wall separating C1 and C2. If γY (e)= e for some
γ ∈ Γ , then γ (W)=W .
For any γ ∈ Γ , let P(γ ) denote the parallel set of an axis of γ . Since X is real analytic,
P(γ ) is a totally geodesic submanifold: if γ is a rank one isometry, then P(γ ) is simply
the axis of γ ; otherwise P(γ ) is a higher rank submanifold in X, and therefore is contained
in a maximal higher rank submanifold. We shall only consider those γ ∈ Γ whose P(γ )
are contained in walls. Note each element h ∈H has this property.
Let γ ∈ Γ be an element such that P(γ ) ⊂ W for a wall W = Q × R, where Q
is a 2-dimensional nonflat Hadamard manifold. Notice γ belongs to exactly one of the
following 4 classes:
Type A: P(γ )= c×R ⊂Q×R =W and P(γ )∩W ′ = φ for any wall W ′ =W , where c
is a complete geodesic in Q;
Type B: P(γ )=W ∩W ′ for some wall W ′ =W ;
Type C: P(γ )=W . In this case, {q0} ×R is an axis of γ for some q0 ∈Q;
Type D: P(γ )= c×R ⊂Q×R =W and the axes of γ intersect transversally with some
wall W ′, where c is a complete geodesic in Q.
Before we study the action of individual isometries on Y , we introduce a subcomplex of
Y associated to each wall that intersects other walls. Recall for each edge v1v2 in Y there is
a unique wall W˜ separating Cv1 and Cv2 . Given any square S(W1,W2) in Y , two opposite
edges of S(W1,W2) determine W1, while the other two opposite edges determine W2.
Let ω(W1,W2) ⊂ S(W1,W2) be the geodesic segment connecting the midpoints of the
two opposite edges of S(W1,W2) that determine W1. Let W be a wall intersecting other
walls. Set CW =⋃S(W,W ′) and TW =⋃ω(W,W ′) ⊂ CW where W ′ varies over all
walls W ′ =W with W ′ ∩W = ∅. CW is a subcomplex of Y .
Lemma 4.10. Let γ ∈ Γ be a Type C isometry. If the wall W := P(γ ) intersects other
walls, then there is an integer n such that Min(γ n)=W and Fix(γ nY )= CW . In particular
CW is a closed convex subset of Y , and ∅ = Fix(γY )⊂ CW .
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Proof. Let W = Q × R. By the definition of a Type C isometry, there is some q0 ∈ Q
such that {q0} × R is an axis of γ . It follows that γ|W has the following form γ|W =
(e, t) :Q×R→Q×R where e is an elliptic isometry of Q fixing the point q0 and t is a
translation of R. Since the wall W is closed and Q is a nonflat 2-dimensional Hadamard
manifold, e has finite order (see [11]). Therefore there is an even integer n such that en = id.
Notice Min(γ n)=W and γ n preserves the orientation of X.
Now assume γ ∈ Γ is a Type C isometry preserving the orientation of X with
Min(γ ) =W . We shall show Fix(γY ) = CW . We first argue CW ⊂ Fix(γY ). Let W ′ =W
with W ′ ∩W = ∅. Since Min(γ )=W =Q×R, each geodesic {q}×R (q ∈Q) is an axis
of γ . It follows that the 2-flat W ∩W ′ = c×R ⊂Q×R =W is invariant under γ . Since
W ′ is perpendicular to W , we have γ (W ′) =W ′. Therefore γY (S(W,W ′)) = S(W,W ′).
Since γ preserves the orientation of X and translates all the geodesics {q} × R (q ∈Q),
each of the 4 components of X0 determined by W and W ′ is invariant under γ . So the
square S(W,W ′) is pointwise fixed by γY .
Next we show Fix(γY ) ⊂ CW . Let y ∈ Fix(γY ). If y lies in the interior of a square
S(W1,W2), then γY (S(W1,W2)) = S(W1,W2). Lemma 4.8 implies γ (W1 ∩ W2) =
W1 ∩W2 and thus an axis of γ lies in W1 ∩W2. It follows that W ∩W1 ∩W2 = ∅. By
Theorem 2.5(iv) W =W1 or W =W2. In either case S(W1,W2)⊂ CW .
Suppose y lies in the interior of an edge v1v2. Then γY (v1v2) = v1v2. Let W ′ be the
unique wall separating Cv1 and Cv2 . Lemma 4.9 implies γ (W ′)=W ′ and thus W ′ contains
an axis of γ . It follows W ∩ W ′ = ∅. If W ′ = W , then clearly v1v2 ⊂ CW . Suppose
W ′ =W . Pick x1 ∈ Cv1 , x2 ∈ Cv2 and let z′ = x1x2 ∩W ′. Also pick z ∈ W ′ ∩W . Then
zz′ ⊂W ′. Let W =W1, . . . ,Wk be the sequence of walls in consecutive order that intersect
zz′ transversally. These walls determine a sequence of squares S(W ′,W1), . . . , S(W ′,Wk)
in Y , where two consecutive squares share exactly an edge. Notice v1v2 is an edge of
S(W ′,Wk). For each of these squares, two opposite edges correspond to the wall W ′.
Let li (i = 1,2, . . . , k) be the geodesic segment connecting the midpoints of these two
opposite edges, and l =⋃ki=1 li . l is a geodesic by the geometry of Y . One endpoint of
l lies in S(W ′,W) ⊂ CW and the other one is the midpoint of the edge v1v2, so they are
both fixed by γY . It follows that l is pointwise fixed by γY , and by the preceding paragraph
S(W ′,Wi)⊂ CW for each i . In particular v1v2 ⊂ CW .
Now suppose y is a vertex. Then for any y ′ ∈ CW , the geodesic segment yy ′ is pointwise
fixed by γY . The initial segment of yy ′ in contained in some square or edge. It follows from
the above that this square or edge lies in CW and so does y . ✷
It follows from Lemma 4.10 that CW is a CAT(−1) space. CW clearly admits a
“reflection” about TW with TW as the fixed point set. Thus TW is also a closed and convex
subset of Y . TW is the “core” of CW , and CW is homeomorphic to TW × [0,1]. For each
wall W that intersects other walls, let TW(∞) ⊂ ∂∞Y be the geometric boundary of TW
naturally identified with a subset of ∂∞Y .
Lemma 4.11. Let W1 = W2 be two walls that intersect other walls. Then TW1(∞) ∩
TW2(∞)= ∅.
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Proof. Suppose TW1(∞) ∩ TW2(∞) = ∅ and pick ξ ∈ TW1(∞)∩ TW2(∞). Let α1 : [0,∞)
→ TW1 and α2 : [0,∞)→ TW2 be two rays ending at ξ . Since Y is a CAT(−1) space, we
have d(α1(t), α2(t))→ 0 as t →∞. Since α1 and α2 cross centers of squares in Y , there
are a > 0, b ∈ R so that α1(t) = α2(t + b) for all t  a. α1 passes through midpoints of
edges in Y and such a midpoint uniquely determines the wall W1. The same is true for α2
and W2. Hence W1 =W2, a contradiction. ✷
Let γ be a Type A isometry and W the wall with P(γ ) ⊂W . Then P(γ ) ⊂ XW . Let
E be the component of XW containing P(γ ), and C1 and C2 the two components of X0
contained in E. Denote by v1 and v2 the two vertices of Y corresponding to C1 and C2,
respectively. Then v1v2 is an edge in Y .
Lemma 4.12. Let γ be a Type A isometry, and W , v1v2 be as above. Then ∅ = Fix(γY )⊂
v1v2.
Proof. We use the notation from the paragraph preceding the lemma. Since E is the
component of XW containing P(γ ) and P(γ ) is invariant under γ , γ (E)= E. It follows
that {γ (C1), γ (C2)} = {C1,C2} and γY sends v1v2 to itself. In particular, the midpoint
of v1v2 is fixed by γY . Lemma 4.8 implies no square in Y is invariant under γY . Then
Lemma 4.9 and an argument similar to the proof of Lemma 4.10 shows Fix(γY ) ⊂
v1v2. ✷
Lemma 4.13. Let γ be a Type B isometry and W1, W2 the two walls such that P(γ ) =
W1 ∩W2. Then ∅ = Fix(γY )⊂ S(W1,W2).
Proof. Since P(γ ) = W1 ∩ W2, we have {γ (W1), γ (W2)} = {W1,W2} so the square
S(W1,W2) is invariant under γY . In particular, the center of the square S(W1,W2) is fixed
by γY . Now an argument similar to the proof of Lemma 4.10 shows Fix(γY ) is contained
in S(W1,W2). ✷
Lemma 4.14. Let γ be a Type D isometry with P(γ ) contained in a wall W . Then γY is a
rank one isometry of Y , and the axis of γY is contained in TW .
Proof. We exhibit a geodesic in TW that is translated by γY . Let c⊂ P(γ )⊂W be an axis
of γ . Then c intersects some wall W ′ transversally since γ is a Type D isometry. Pick a
point p ∈ c such that W is the only wall containing p. Let W1, W2, . . . ,Wk be the sequence
of walls in consecutive order intersected transversally by the geodesic segment pγ (p).
Then the biinfinite sequence of walls
. . . , γ−1(W1), . . . , γ−1(Wk),W1, . . . ,Wk, γ (W1), . . . , γ (Wk), . . .
is the sequence of walls in consecutive order intersected transversally by the axis c. This
sequence of walls together with W determine a sequence of squares in Y . The union of
this sequence of squares is a “strip” R contained in CW , and γY (R)=R. It follows that the
geodesic R ∩ TW , the center line of R, is translated by γY . ✷
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Let H ⊂ Γ be a subgroup satisfying the properties stated at the end of Section 4.1. As
a subgroup of Γ , H also acts on Y as isometries. Y is a Gromov hyperbolic space since it
is CAT(−1). By a theorem of Gromov (see [14]), one of the following occurs:
(1) H has a bounded orbit in Y ;
(2) H has a fixed point in ∂∞Y ;
(3) hY is a rank one isometry for some h ∈H .
When (1) occurs, Cartan’s fixed point theorem implies H has a fixed point in Y . After
passing to a finite index subgroup, we may assume thatH fixes a vertex of Y . In Section 4.3
we show H has the TA-property if it fixes a vertex of Y and there is no cycle in X.
Lemma 4.15. Suppose H has a fixed point in ∂∞Y and hY is not a rank one isometry for
any h ∈H . Then H has the TA property.
Proof. By assumption and the analysis of the 4 types of isometries, each h ∈ H is of
Type C. By Lemma 4.10 if h is of Type C and W is the wall with P(h)=W , then the fixed
point set of hY in ∂∞Y is contained in TW(∞). Now Lemma 4.11 and the fact that H has
a fixed point in ∂∞Y imply that there is a wall W with P(h)=W for all h ∈H . Therefore
h(W) = W for all h ∈ H and H ⊂ StabΓ W . Since StabΓ W is the fundamental group
of the closed 3-manifold W/StabΓ W with nonpositive sectional curvature, the lemma
follows from Theorem 3.7. ✷
Now we remain to consider the case when gY is rank one for some g ∈H . Let c⊂ Y be
the axis of gY , and c(+∞), c(−∞) the fixed points of gY in ∂∞Y . By Corollary 2.12 one
of the following holds:
(1) c(+∞) or c(−∞) is fixed by all elements of H ;
(2) hY (c)= c for all h ∈H ;
(3) H contains a free group of rank two.
We only need to consider the first two cases. Case (2) can be reduced to case (1) as in
case (2) an index two subgroup of H fixes both c(+∞) and c(−∞).
Lemma 4.16. Suppose gY is rank one for some g ∈H , and c(+∞), c(−∞) are the fixed
points of gY in ∂∞Y . If c(+∞) or c(−∞) is fixed by all elements of H , then H has the
TA-property.
Proof. The assumption implies g is of Type D. Let W be the wall with Min(g)⊂W . Then
the axis c of gY is contained in TW . Since each h ∈H fixes a point in ∂∞Y , by the analysis
of the 4 types of isometries we see each h ∈ H is either of Type D or of Type C. By
Lemmas 4.10, 4.11, 4.14 and the fact that c(+∞) or c(−∞) is fixed by all elements of H ,
we conclude h(W) = W for all h ∈H . Now the argument in the proof of Lemma 4.15
shows H has the TA-property. ✷
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4.3. Subgroups with a fixed point in the 2-complexWe remain to consider the case when H fixes a vertex of Y . To be more precise,
throughout this section, H ⊂ Γ is a subgroup satisfying the following properties:
(a) there is a Tits component C ⊂ ∂T X so that h(+∞), h(−∞) ∈ C for all h ∈H ;
(b) C =⋃W∈W∗ ∂∞W , where W∗ ⊂W is a subset such that ⋃W∈W∗ W is a connected
component of
⋃
W∈WW ⊂X;
(c) there is a vertex v in Y so that hY (v)= v for all h ∈H .
Notice condition (c) implies H contains no Type D isometries since by Lemma 4.14 γY
has no fixed point in Y if γ is of Type D.
Set WC =
⋃
W∈W∗ W . Then both Cv and WC are invariant under H . It follows that
Cv ∩WC is invariant under H . Set Λ= Cv ∩WC . T hen H ⊂ StabΓ Λ. We shall prove Λ is
connected and Λ/StabΓ Λ is a compact 3-manifold. Under the assumption that there is no
cycle in X, Λ is simply connected and consequently H is a subgroup of the fundamental
group of a compact 3-manifold. Theorem 3.3 then implies H has the TA-property.
For any wall W , the closures of the two components of X −W are called closed half
spaces. Cv is clearly the intersection of a family of closed half spaces. Now it is not hard
to see that if W is a wall with W ∩ Cv = ∅, then W ∩ Cv = Z for a component Z of
W −⋃W ′ =W W ′, where W ′ varies over all walls distinct from W . By Lemma 4.3 such a
Z has the form Z =Q′ ×R ⊂Q×R =W , where Q′ ⊂Q is a closed convex subset of Q
and is the universal cover of a nonpositively curved compact surface with closed geodesics
on the boundary. Similarly we see if W1 =W2 and W1 ∩W2 ∩Cv = ∅, then W1 ∩W2 ∩Cv
is a 2-flat.
Let W,W ′ ∈W∗. A chain from W to W ′ is a sequence W =W0, W1, . . . ,Wn =W ′ of
walls in W∗ with Wi ∩Wi+1 = ∅ (i = 0, . . . , n− 1). Since WC is connected, there is at
least one chain from W to W ′.
Lemma 4.17. Λ is path connected.
Proof. Let W,W ′ ∈W∗ with W ∩ Cv,W ′ ∩ Cv = ∅, and W = W0, W1, . . . ,Wn = W ′
a chain from W to W ′ with the smallest possible n. Choose x0 ∈ W ∩ Cv and xn+1 ∈
W ′ ∩ Cv so that x0 does not lie in any wall other than W and xn+1 does not lie in any
wall other than W ′. Pick xi ∈Wi−1 ∩Wi (i = 1, . . . , n) and let σ be the path defined by
σ = x0x1 ∗ · · · ∗ xnxn+1. Note the lemma follows if σ ⊂ Cv .
We show σ ⊂ Cv by inducting on the length of a chain. We first show x0x1 ⊂ Cv .
It suffices to show x1 ∈ Cv since Cv is convex. Assume x1 /∈ Cv . Then there is a wall
W˜ = W,W1 so that x0 and x1 lie in different components of X− W˜ . Since x0x1 ⊂
W , W ∩ W˜ = ∅. W˜ = W ′ holds, otherwise by the choice of n we have W˜ = W1, a
contradiction. It follows that x0 and xn+1 lie on the same side of W˜ . Thus the part of
σ from x1 to xn+1 must cross W˜ . Suppose W˜ ∩ xixi+1 = ∅ for some i , 1 i  n. Since
xixi+1 ⊂Wi we have W˜ ∩Wi = ∅. If i > 2, then the sequence W , W˜ , Wi, . . . ,Wn =W ′ is
a chain fromW to W ′ with length less than n, contradicting to the choice of n. If i = 1, then
W,W1, W˜ is a 3-cycle, contradicting to Proposition 2.9. Therefore i = 2 and W˜ ∩W2 = ∅.
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If W˜ =W2, then the sequence W , W˜ , W3, . . . ,Wn =W ′ is a chain from W to W ′ with
length n− 1, again contradicting to the choice of n. Thus i = 2 and W˜ =W2. But then W ,
W1, W2, W˜ is a 4-cycle, contradicting to Proposition 2.9.
Now x1 ∈ Cv and x1 ∈W0 ∩W1 imply W1 ∩ Cv = ∅. An argument similar to the one
in the preceding paragraph shows x2 and xn+1 lie on the same side of W . It follows that
x2 and Cv lie on the same side of W . Therefore an initial open segment of x1x2 lies in Cv
and does not intersect any wall other than W1. Choose a point x ′1 belonging to this initial
open segment of x1x2. Now consider the sequence W1,W2, . . . ,Wn and let σ ′ be the part
of σ from x ′1 to xn+1. The induction hypothesis implies that σ ′ ⊂ Cv . Now the lemma
follows. ✷
By Theorem 2.5 Cv/StabΓ Cv is compact. Lemma 4.17 implies Λ is a boundary
component of Cv . It follows that Λ/StabΓ Λ is a closed 3-manifold, being a quotient
of a boundary component of Cv/StabΓ Cv .
Next we construct a graph G associated to Λ. The vertex set of G is in one-to-one
correspondence with {W ∩Cv : W ∩ Cv = ∅, W ∈W∗}. Let v1 and v2 be two vertices of
G corresponding to W1 ∩ Cv and W2 ∩ Cv , respectively. There is an edge connecting v1
and v2 if and only if W1 ∩W2 ∩Cv = ∅.
The following lemma is clear from the definitions.
Lemma 4.18. The graph G is a tree if there is no cycle in X.
Lemma 4.19. Λ is simply connected if there is no cycle in X.
Proof. We notice G is the nerve of the covering {W ∩Cv} of Λ since W1 ∩W2 ∩W3 = ∅
if W1,W2,W3 are distinct. All W ∩ Cv and their nonempty intersections are convex and
thus contractible. ThereforeG is homotopy equivalent to Λ. The lemma now follows from
Lemma 4.18. ✷
Suppose there is no cycle in X. Set Γ1 = StabΓ Λ. Lemma 4.19 implies that Γ1 ∼=
π1(Λ/Γ1) and so H ⊂ Γ1 is a subgroup of the fundamental group of a closed 3-manifold.
We may assume Λ/Γ1 is orientable by replacing Γ1 with an index two subgroup if
necessary. Λ/Γ1 is a Haken manifold: Pick any W1 =W2 ∈W∗ with W1 ∩W2 = ∅ and
Wi ∩ Cv = ∅ (i = 1,2); then F :=W1 ∩W2 is a 2-flat contained in Λ and F/StabΓ1 F
is a torus or Klein bottle embedded in Λ/Γ1; the inclusion of F/StabΓ1 F into Λ/Γ1
clearly induces an injective homomorphism on the fundamental groups. Now Theorem 3.3
implies H has the TA-property since any solvable subgroup of a group acting properly and
cocompactly on a Hadamard space is virtually free Abelian. The proof of Theorem 4.1 is
now complete.
5. Cycles of higher rank submanifolds
Throughout this section let M = X/Γ be a rank 1 closed real analytic 4-manifold of
nonpositive sectional curvature, and H ⊂ Γ a subgroup as described at the beginning of
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Section 4.3. Recall H contains no Type D isometries. We proved in Section 4.3 that H
has the TA-property if there is no cycle in X. In this section we discuss the Tits alternative
without assuming the nonexistence of cycles.
Recall a singular geodesic in X is a geodesic of the form {q}×R ⊂Q×R =W , where
q ∈Q and W is a wall. When W1 and W2 are two walls and F =W1 ∩W2 is a 2-flat, there
are two families of parallel singular geodesics in F . The angle αF (0 < αF  π2 ) between
them is a singular angle. Since modulo Γ there are only a finite number of walls in X,
there are only a finite number of singular angles.
Now we are ready to state the main result of this section.
Theorem 5.1. Let M = X/Γ be a rank 1 closed real analytic 4-manifold of nonpositive
sectional curvature. Suppose there is a number α, 25π < α 
π
2 so that all the singular
angles of X are equal to α. If a subgroup of the fundamental group of M is not virtually
free Abelian, then it contains a free group of rank two.
Remark 5.2. Abresch and Schroeder [2] constructed a class of real analytic 4-manifolds
of nonpositive sectional curvature, where all the singular angles are π2 .
5.1. Incidence graph
We use the notation of Section 4.3. We first construct a graph G∗ which reflects
the incidence relation of the members of W∗. The vertex set of G∗ is in one-to-one
correspondence with W∗. Two vertices are joined by an edge if the corresponding walls
have nonempty intersection.G∗ is a connected graph. The vertex corresponding to the wall
W is still denoted by W , and the edge joining two vertices W1, W2 is denoted by W1W2.
We declare each edge of G∗ has length 1 and let d∗ be the induced path metric on G∗.
Since by Proposition 2.9 there are no n-cycles in X for n 4, we have:
Lemma 5.3. Any injective loop in G∗ has length at least 5.
The lemma in particular implies for W1,W2 ∈ W∗ with d∗(W1,W2) = 2, there is
a unique W ∈W∗ with d∗(W1,W)= d∗(W,W2)= 1.
Note h(W∗)=W∗ for each h ∈H . Hence H induces an action on G∗. For h ∈H we
denote by h∗ the isomorphism of G∗ induced by h.
Lemma 5.4. If H has a fixed point in G∗, then H has the TA-property.
Proof. Since G∗ is a graph, after passing to an index two subgroup if necessary, we may
assume H fixes a vertex W of G∗. Then h(W) =W for all h ∈H , here W ⊂ X denotes
the wall in X. Now the lemma follows from the proof of Lemma 4.15. ✷
5.2. Tits geodesics
We continue to use the notation of Section 4.3. In this section we take a close look at
Tits geodesics in C =⋃W∈W∗ ∂TW .
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Let W be a wall. A singular geodesic c= {q}×R ⊂Q×R =W determines two points
c(+∞), c(−∞) in ∂∞W . Set w(+∞) = c(+∞), w(−∞) = c(−∞) and call w(+∞),
w(−∞) the poles of W .
The following proposition follows from the results in [17].
Proposition 5.5. Let W1,W2 ∈W∗ be two walls.
(i) If d∗(W1,W2)= 1, i.e., if W1 ∩W2 = F is a 2-flat, then ∂∞W1 ∩ ∂∞W2 = ∂∞F ;
(ii) If d∗(W1,W2)= 2, then ∂∞W1 ∩ ∂∞W2 = {w(+∞),w(−∞)} where W is the unique
wall with d∗(W1,W)= d∗(W,W2)= 1;
(iii) If d∗(W1,W2) 3, then ∂∞W1 ∩ ∂∞W2 = ∅.
Let W1,W2 ∈W∗ with d∗(W1,W2) = 1. Then W1 ∩W2 = F is a 2-flat and ∂TW1 ∩
∂TW2 = ∂T F is isometric to the unit circle. ∂T F admits a unique metric graph structure
with vertex set {w1(+∞),w1(−∞),w2(+∞),w2(−∞)}.
Let W =Q × R ∈W∗. Since W is closed and Q is a nonflat Hadamard 2-manifold,
∂TW admits a unique metric graph structure with the following properties:
(a) the vertex set is {w′(+∞),w′(−∞): d∗(W ′,W) 1};
(b) for each wall W ′ with d∗(W ′,W) = 1, the inclusion ∂T (W ′ ∩ W) ⊂ ∂TW is an
isometric embedding between metric graphs;
(c) each edge connecting the two poles w(+∞), w(+∞) has length π .
It follows from the results in [17] that C admits a unique metric graph structure
with vertex set {w(+∞),w(−∞): W ∈W∗} such that for each W ∈W∗, the inclusion
∂TW ⊂ C is an isometric embedding between metric graphs.
We next look at how Tits geodesics in C travel between different ∂∞W , W ∈W∗.
Lemma 5.6. Let W ∈W∗, σ : [a, b]→ ∂T X a minimal geodesic and t0 ∈ (a, b). If there is
some ε > 0 such that σ(t) ∈ ∂∞W for t ∈ (t0 − ε, t0] and σ(t) /∈ ∂∞W for t ∈ (t0, t0 + ε),
then σ(t) /∈ ∂∞W for t ∈ (t0, b].
Proof. Suppose the lemma is false and let t1 = min{t ∈ (t0, b]: σ(t) ∈ ∂∞W }. Notice
the minimal in the definition of t1 makes sense since ∂∞W is closed in ∂∞X. By
definition ∂∞W ∩ σ|(t0,t1) = ∅. Since σ(t0), σ (t1) ∈ ∂∞W we have dT (σ (t0), σ (t1))  π .
Let σ ′ ⊂ ∂TW be a minimal geodesic from σ(t0) to σ(t1). Then σ ′ ∪ σ|[t0,t1] is a closed
geodesic in the CAT(1) space ∂T X with length
length(σ ′)+ length(σ|[t0,t1])= 2dT
(
σ(t0), σ (t1)
)
 2π.
It follows that dT (σ (t0), σ (t1)) = π . Since σ|(t0−ε,t0] ⊂ ∂∞W , the description of ∂TW
shows dT (σ (t), σ (t1)) < π for t ∈ (t0 − ε, t0), contradicting to the fact that σ is
minimal. ✷
The following proposition follows from Lemma 5.6 and the description of C .
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Proposition 5.7. Given any minimal geodesic σ : [a, b] → C , there are walls W1,
W2, . . . ,Wn and numbers a < t1 < t2 < · · ·< tn < b with the following properties:
(i) {σ(ti),1 i  n} is the set of poles in the interior of σ ;
(ii) σ(ti) is a pole of Wi for each 1 i  n;
(iii) the sequence of walls W1,W2, . . . ,Wn determines an injective edge path in G∗.
5.3. Subgroups containing Type C isometries
In this section we show the subgroup H ⊂ Γ has the TA-property if the singular angles
are large and H contains a Type C isometry.
We recall there are only a finite number of singular angles.
Proposition 5.8. Let M =X/Γ be a rank 1 closed real analytic 4-manifold of nonpositive
sectional curvature. Suppose all the singular angles of X are strictly larger than π3 . If
H ⊂ Γ is a subgroup as described at the beginning of Section 4.3 and contains a Type C
isometry, then H has the TA-property.
Proof. For any two Type C isometries h, h˜ ∈H , we set n(h, h˜)= d∗(W, W˜ ) where W =
P(h) and W˜ = P(h˜). Notice h(+∞), h(−∞) are the poles of W , and h˜(+∞), h˜(−∞) are
the poles of W˜ . First suppose there are two Type C isometries h and h˜ with n(h, h˜) 3. For
any ξ ∈ {h(+∞), h(−∞)} and η ∈ {h˜(+∞), h˜(−∞)}, let σ : [0, a]→ ∂T X be a minimal
geodesic from ξ to η. If there is no pole in the interior of σ , then σ ⊂ ∂∞W ∩ ∂∞W˜ ,
contradicting to Proposition 5.5. Let σ(ti) (i = 1,2, . . . , n) with 0 < t1 < t2 < · · ·< tn < a
be all the poles in the interior of σ . If n= 1, then σ(t1) ∈ ∂∞W ∩∂∞W˜ , again contradicting
to Proposition 5.5. Therefore there are at least two poles in the interior of σ . Since
the endpoints of σ are also poles, σ contains at least 4 poles. By assumption on the
singular angles, the Tits distance between any two distinct poles is > π3 . It follows that
dT (ξ, η) > π . By Theorem 2.14 〈h, h˜〉 contains a free group of rank two.
Now suppose there are two Type C isometries h and h˜ with n(h, h˜)= 2. Let W1 = P(h),
W2 = P(h˜). There exists an integer k  1 with Min(hk) = W1 and Min(h˜k) = W2.
By Lemma 5.3 there is a unique wall W with W ∩ W1 = ∅ and W ∩ W2 = ∅. We
have hk(W) = W , h˜k(W) = W . Let W ∩W1 = c1 × R ⊂ Q × R = W and W ∩ W2 =
c2 × R ⊂Q × R =W , where c1, c2 are complete geodesics in Q. Theorem 2.5 implies
{c1(+∞), c1(−∞)} ∩ {c2(+∞), c2(−∞)} = ∅. hk acts on W as hk = (h1, t) :Q× R→
Q × R, where h1 :Q→ Q is a hyperbolic isometry of Q with c1 as an axis and t is
a translation of R. Similarly h˜k acts on W as h˜k = (h2, t ′) where h2 is a hyperbolic
isometry of Q with c2 as an axis and t ′ is a translation of R. Since Q is nonflat and admits
a cocompact group of isometries, Q is hyperbolic in the sense of Gromov. Theorem 2.11
implies 〈h1, h2〉 contains a free group of rank two. It follows that 〈hk, h˜k〉 contains a free
group of rank two.
Now suppose n(h, h˜) 1 for any two Type C isometries h, h˜ ∈H . For any three Type C
isometries h1, h2, h3 ∈ H , let Wi = P(hi) (i = 1,2,3). If W1 =W2 and W1 =W3, then
W2 =W3 since n(h2, h3) 1 and G∗ has no injective edge loop with length 3. It follows
that the set {P(h): h ∈ H is of Type C} consists of one wall or two intersecting walls.
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Notice the set {P(h): h ∈ H is of Type C} is invariant under the action of H since the
conjugate of a Type C isometry is still a Type C isometry and P(ghg−1)= g(P (h)). The
proposition now follows from Lemma 5.4. ✷
5.4. Admissible subsets
For a Hadamard space X, ξ ∈ ∂T X and r > 0, we let B(ξ, r) be the closed metric ball
with center ξ and radius r: B(ξ, r)= {η ∈ ∂T X: dT (ξ, η) r}.
Definition 5.9. Let X be a Hadamard space and H ⊂ Isom(X). A nonempty H -invariant
subset M ⊂ ∂∞X is H -admissible if M ⊂ B(h(+∞),π) ∩ B(h(−∞),π) for each
hyperbolic isometry h ∈H .
Proposition 5.10. Let M =X/Γ be a rank 1 closed real analytic 4-manifold of nonpositive
sectional curvature, and H ⊂ Γ a subgroup as described at the beginning of Section 4.3.
Then there exists a H -admissible subset.
Proof. We notice h(+∞), h(−∞) ∈ Λ(H) for any h ∈ H . Let M ⊂ Λ(H) be a
H -minimal set. Since by assumption H does not contain any rank one isometries,
Proposition 2.18 implies M is H -admissible. ✷
5.5. Intersection of Tits balls
In order to study H -admissible subsets in ∂∞X, we need to look at the intersection of
B(h(+∞),π) and B(h(−∞),π) for h ∈H .
Call h ∈H a squared Type B isometry if h= g2 for a Type B isometry g ∈H . Clearly
h ∈H is a squared Type B isometry if and only if any of its conjugates is a squared Type B
isometry. Notice for a squared Type B isometry h, Min(h)= P(h). If h ∈H is of Type A,
then Fix(h∗) is the vertex W in G∗, where W is the only wall containing Min(h)⊂ X. If
h ∈H is a squared Type B isometry, then Fix(h∗) is the edge W1W2 in G∗, where W1, W2
are the two walls with W1 ∩W2 = Min(h)⊂X. For any h ∈H and any wall W , set
B(h,W)= B(h(+∞),π)∩B(h(−∞),π)∩ ∂∞W.
Lemma 5.11. Suppose the singular angles of X are all equal to α > 25π . Let h ∈ H
be a Type A or squared Type B isometry, and W ∈W∗ with d∗(W,Fix(h∗))  3. Then
B(h,W)= ∅.
Proof. Suppose the lemma is false and pick ξ ∈ B(h,W). Let c : [0, a] → ∂T X (a  π )
be a minimal geodesic from h(+∞) to ξ , W1, . . . ,Wk a sequence of walls and {ti}
(0 < t1 < · · · < tk < a) a sequence of numbers as in Proposition 5.7. By definition of
Type A and squared Type B isometries, h(+∞) is not a pole and h∗(W1) =W1. a  π
implies k  3 since by assumption the Tits distance between any two distinct poles is at
least 25π . If there is no pole in the interior of c, then there is a wall W˜ with h∗(W˜ )= W˜
and d∗(W˜ ,W)  1, contradicting to the assumption d∗(W,Fix(h∗))  3. If k = 1, then
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ξ ∈ ∂∞W1 ∩ ∂∞W and by Proposition 5.5 we have d∗(W1,W)  2, again contradicting
to the assumption. If k = 2, then ξ ∈ ∂∞W2 ∩ ∂∞W and since d∗(W,Fix(h∗))  3 we
have d∗(W2,W) = 2 and ξ must be a pole. In this case let W3 be the wall with ξ as one
of its two poles and set t3 = a. If k = 3, then ξ cannot be a pole since a  π and the
Tits distance between any two poles is at least 25π . In any case we have ξ ∈ B(c(t3), π5 ).
Similarly if c′ : [0, b]→ ∂T X (b  π ) is a minimal geodesic from h(−∞) to ξ , we have
walls W ′1,W ′2,W ′3 (h∗(W ′1)=W ′1) and poles c′(t ′1), c′(t ′2), c′(t ′3) such that ξ ∈ B(c′(t ′3), π5 ).
It follows from the triangle inequality that dT (c(t3), c′(t ′3)) <
2
5π . The assumption on
singular angles implies c(t3)= c′(t ′3). Consequently W ′3 =W3.
We next show W ′1 = W1. Note t1, t ′1 < π5 . Since dT (h(+∞), h(−∞)) = π , triangle
inequality implies dT (c(t1), c′(t ′1)) >
3
5π . The two poles c(t1), c
′(t ′1) both lie on ∂∞W1.
Notice for any pole η in ∂∞W1, we have dT (η, c(t1)) ∈ {α,π − α,π}. The assumption on
α now implies dT (c(t1), c′(t ′1))= π . Therefore c′(t ′1) is also a pole of W1, and W ′1 =W1.
Now we have two injective edge paths of length 2 from W1 = W ′1 to W3 = W ′3:
W1W2W3, W ′1W ′2W ′3. By Lemma 5.3 we have W2 =W ′2. Notice t3 − t2 = α otherwise
t3 − t2  π − α and a > (t3 − t2) + (t2 − t1)  (π − α) + α = π . The same argument
also shows α < π2 and t
′
3 − t ′2 = α. Now the three poles c(t2), c′(t ′2), c(t3) all lie on the
circle ∂∞W2 ∩ ∂∞W3 and dT (c(t2), c(t3)) = dT (c′(t ′2), c(t3)) = α. Since α < π2 we have
c′(t ′2)= c(t2). Similarly we conclude c′(t ′1)= c(t1).
Since t1, t ′1 <
π
5 , by triangle inequality
dT
(
h(+∞), h(−∞)) dT (h(+∞), c(t1))+ dT (c′(t ′1), h(−∞))< 25π,
contradicting to the fact dT (h(+∞), h(−∞))= π . ✷
If h ∈ H is of Type A and W is a wall with d∗(W,Fix(h∗)) = 2, there is exactly one
wall W ′ with d∗(W,W ′) = d∗(W ′,Fix(h∗)) = 1. If h ∈ H is a squared Type B isometry
and W is a wall with d∗(W,Fix(h∗))= 2, then the set{
W ′: d∗(W,W ′)= d∗
(
W ′,Fix(h∗)
)= 1}
consists of either one or two elements. These assertions follow from Lemma 5.3.
Lemma 5.12. Let h ∈H be a Type A or squared Type B isometry, and W ∈W∗ such that
the following holds: d∗(W,Fix(h∗))= 2. Suppose the singular angles of X are all equal to
α > 25π .
(i) If there is only one wall W ′ with d∗(W,W ′)= d∗(W ′,Fix(h∗))= 1, then
B(h,W)⊂ ∂∞W ∩ ∂∞W ′ −
{
w(+∞),w(−∞)};
(ii) If there are two walls W1, W2 with d∗(W,Wi)= d∗(Wi,Fix(h∗))= 1, then
B(h,W)⊂ (∂∞W ∩ ∂∞W1)∪ (∂∞W ∩ ∂∞W2)−
{
w(+∞),w(−∞)}.
Proof. We fix an arbitrary ξ ∈ B(h,W). Let c : [0, a]→ ∂T X be a minimal geodesic from
h(+∞) to ξ , and c′ : [0, b]→ ∂T X a minimal geodesic from h(−∞) to ξ , where a, b π .
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Let W1, . . . ,Wk be a sequence of walls and {ti} (0 < t1 < · · · < tk < a) a sequence
of numbers provided by Proposition 5.7 corresponding to c, and W ′1, . . . ,W ′k′ and {t ′i}(0 < t ′1 < · · · < t ′k′ < b) corresponding to c′. As in the proof of Lemma 5.11 we see
h∗(W1)=W1, h∗(W ′1)=W ′1 and 1 k  3, 1 k′  3.
If k = 1, then ξ ∈ ∂∞W1 ∩ ∂∞W . Since d∗(W,Fix(h∗)) = 2 and h∗(W1) = W1,
Proposition 5.5 implies ξ is a pole of W ′, where W ′ is the only wall with d∗(W,W ′)= 1
and d∗(W ′,W1)= 1. We clearly have ξ ∈ ∂∞W ∩∂∞W ′ −{w(+∞),w(−∞)} in this case.
From now on we assume 2 k, k′  3.
Suppose k = 2. In this case ξ ∈ ∂∞W2 ∩ ∂∞W . If ξ is not a pole, then W2 is the only
wall with d∗(W,W2)= d∗(W2,W1)= 1 and clearly
ξ ∈ ∂∞W ∩ ∂∞W2 −
{
w(+∞),w(−∞)}.
Suppose ξ is a pole of some wall W3. Then the assumption on α implies k′ = 2. In this
case we have two injective edge paths in G∗: W1W2W3 and W ′1W ′2W3. The proof of
Lemma 5.11 yields a contradiction if W ′1 =W1. Hence W ′1 =W1, h is a Type B isometry
and Fix(h∗) = W1W ′1. Notice t1 < π5 since a  π and c(t1), c(t2), ξ are three poles
on c. Similarly t ′1 <
π
5 . Recall c(t1) is a pole of W1. Let p = c(t1) be the other pole
of W1. Since h(+∞), h(−∞), p and c(t1) all lie on the circle ∂T W1 ∩ ∂TW ′1, we see
dT (h(−∞),p)= dT (h(+∞), c(t1))= t1. It follows that
dT
(
c′(t ′1),p
)
 dT
(
c′(t ′1), h(−∞)
)+ dT (h(−∞),p)= t ′1 + t1 < 25π.
As c′(t ′1) and p are poles of two distinct walls W ′1 and W1, respectively, we have c′(t ′1) = p
and dT (c′(t ′1),p) α >
2
5π , a contradiction.
Now we assume k = k′ = 3. In this case ξ is not a pole. The proof of Lemma 5.11
shows c(t3) = c′(t ′3) and W3 = W ′3. If W ′1 = W1 then the proof of Lemma 5.11 yields
a contradiction. So W ′1 = W1, Fix(h∗) = W1W ′1 and h is a Type B isometry. Now
consider c(t3) = c′(t ′3) ∈ B(h,W3) instead of ξ and the preceding paragraph yields
a contradiction. ✷
5.6. Proof of Theorem 5.1
In this section we finish the proof of Theorem 5.1. By Lemma 5.4 and Proposition 5.8,
we may assume H does not have a global fixed point in G∗ and each nontrivial h ∈H is
of Type A or Type B.
Let M ⊂ ∂∞X be a H -admissible subset. By Lemma 5.11, if W is a wall with
d∗(W,Fix(h∗)) 3 for some h ∈H , then M ∩ ∂∞W = ∅.
Lemma 5.13. Let M ⊂ ∂∞X be H -admissible. Suppose W is a wall such that
Fix(h∗)= {W } for a Type A isometry h ∈H . Then M ∩ ∂∞W = ∅.
Proof. Since Fix((ghg−1)∗) = g∗(Fix(h∗)) and the conjugate of a Type A isometry is
still a Type A isometry, the assumption that H does not have a global fixed point in
G∗ implies that there is a wall W ′ = W with Fix(h′∗) = {W ′} for a Type A isometry
h′ ∈H . If d∗(W ′,W)  3, then Lemma 5.11 implies B(h′,W) = ∅. By the definition
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of a H -admissible set, M ⊂ B(h′(+∞),π) ∩ B(h′(−∞),π) and thus M ∩ ∂∞W ⊂
B(h′(+∞),π) ∩ B(h′(−∞),π) ∩ ∂∞W = B(h′,W) = ∅. From now on we assume
d∗(W ′,W) 2.
Suppose d∗(W ′,W) = 1. Then h′(W) = W and d∗(W,W ′) = d∗(h′(W),W ′) =
1. By Lemma 5.3 d∗(W,h′(W)) = 2. Thus we may assume d∗(W ′,W) = 2. Then
d∗(h(W ′),W) = 2. Let W1, W2 be the unique walls with d∗(W,W1) = d∗(W1,W ′) = 1,
d∗(W,W2)= d∗(W2, h(W ′))= 1. Notice W2 = h(W1) =W1. Lemma 5.12 implies
B(h′,W)⊂ ∂∞W ∩ ∂∞W1 −
{
w(+∞),w(−∞)}
and
B
(
hh′h−1,W
)⊂ ∂∞W ∩ ∂∞W2 − {w(+∞),w(−∞)}.
M is H -admissible implies
M ∩ ∂∞W ⊂ B(h′,W) ∩B
(
hh′h−1,W
)
⊂ (∂∞W ∩ ∂∞W1 − {w(+∞),w(−∞)})
∩ (∂∞W ∩ ∂∞W2 − {w(+∞),w(−∞)})
⊂ ∂∞W1 ∩ ∂∞W2 −
{
w(+∞),w(−∞)}= ∅.
The last equality follows from Proposition 5.5 and the facts that W1 = W2 and
d∗(W1,W)= 1, d∗(W,W2)= 1. ✷
Lemma 5.14. LetM ⊂ ∂∞X beH -admissible. SupposeW is a wall with d∗(Fix(h∗),W)=
1 for a Type A isometry h ∈H . Then M ∩ ∂∞W = ∅.
Proof. Suppose M ∩ ∂∞W = ∅. Let Fix(h∗) = {W0}. The argument in the proof of
Lemma 5.13 shows that there is a wall W ′ and a Type A isometry h′ ∈ H such that
Fix(h′∗)= {W ′} and d∗(W0,W ′)= 2 or 3.
Let us first assume d∗(W0,W ′)= 3. Then M ∩ ∂∞W = ∅ implies d∗(W,W ′)= 2 and
d∗(W,h(W ′))= 2. Let W1 be the unique wall with d∗(W,W1)= d∗(W1,W ′)= 1, and W2
the unique wall with d∗(W,W2)= d∗(W2, h(W ′))= 1. Lemma 5.12 implies
∅ =M ∩ ∂∞W ⊂ B(h′,W) ∩B
(
hh′h−1,W
)
⊂ (∂∞W ∩ ∂∞W1 − {w(+∞),w(−∞)})
∩ (∂∞W ∩ ∂∞W2 − {w(+∞),w(−∞)})
⊂ ∂∞W1 ∩ ∂∞W2 −
{
w(+∞),w(−∞)},
and therefore W1 =W2. Since M is H -invariant, M ∩ ∂∞W = ∅ implies M ∩ ∂∞h(W)
is nonempty. The above argument applied to h(W) instead of W shows there exists
a wall W ′1 with d∗(h(W),W ′1) = d∗(W ′1,W ′) = d∗(W ′1, h(W ′)) = 1. If W ′1 = W1, then
W1W ′W ′1h(W ′)W1 is an injective edge loop with length 4, a contradiction. If W ′1 =W1,
then W0WW1h(W)W0 is an injective edge loop with length 4, again a contradiction.
Now assume d∗(W0,W ′) = 2. M ∩ ∂∞W = ∅, Lemma 5.13 and the remark before
Lemma 5.13 imply d∗(W,W ′) = 1 or 2. By replacing W ′ with h(W ′) if necessary
we may assume d∗(W,W ′) = 2. The argument in the preceding paragraph again yields
a contradiction. ✷
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Lemma 5.15. LetM ⊂ ∂∞X beH -admissible. SupposeW is a wall with d∗(Fix(h∗),W)=
2 for a Type A isometry h ∈H . Then M ∩ ∂∞W = ∅.
Proof. Let Fix(h∗) = {W0} and W1 be the unique wall with d∗(W0,W1) = 1 and
d∗(W1,W)= 1. Then by Lemma 5.12
M ∩ ∂∞W ⊂ B(h,W)⊂ ∂∞W1 ∩ ∂∞W −
{
w(+∞),w(−∞)}⊂ ∂∞W1.
But Lemma 5.14 implies M ∩ ∂∞W1 = ∅. It follows M ∩ ∂∞W ⊂M ∩ ∂∞W1 = ∅. ✷
Lemmas 5.13, 5.14, 5.15, Proposition 5.10 and the remark before Lemma 5.13 together
imply that H contains no Type A isometries. From now on we assume each nontrivial
h ∈ H is of Type B and H does not have a global fixed point in G∗. Recall h ∈ H is a
squared Type B isometry if and only if any of its conjugates is a squared Type B isometry.
Lemma 5.16. If there are squared Type B isometries h,h′ ∈ H with d∗(Fix(h∗),
Fix(h′∗)) 3, then H contains a free group of rank two.
Proof. Let ξ ∈ {h(+∞), h(−∞)}, η ∈ {h′(+∞), h′(−∞)} and σ : [0, a] → ∂T X be
a minimal geodesic from ξ to η. Let the walls W1, . . . ,Wk and the numbers 0 < t1 <
· · ·< tk < a be provided by Proposition 5.7. Then h∗(W1)=W1 and h′∗(Wk)=Wk . Since
d∗(Fix(h∗),Fix(h′∗))  3, we have k  4. Since each singular angle equals α > 25π , the
length of σ is at least 3 × 25π > π . So dT (ξ, η) > π and the lemma now follows from
Theorem 2.14. ✷
Lemma 5.17. Suppose each nontrivial h ∈ H is of Type B and H does not have a
global fixed point in G∗. Then there are squared Type B isometries h,h′ ∈ H with
d∗(Fix(h∗),Fix(h′∗)) 2.
Proof. First suppose d∗(Fix(h∗),Fix(h′∗))= 0 for all squared Type B isometries h,h′ ∈H .
Fix a squared Type B isometry h ∈H and let Fix(h∗)=W1W2. Since H does not fix the
midpoint of W1W2, there is some element g in H such that g∗(W1W2)∩W1W2 = {W1} or
{W2}. After possibly relabeling W1 and W2 we may assume g∗(W1W2) ∩W1W2 = {W1}.
Set h1 = h and h2 = ghg−1. h1 and h2 are two squared Type B isometries with Fix(h1∗)∩
Fix(h2∗)= {W1}. Since H does not fix W1, there is some k ∈H such that k∗(W1) =W1.
Set k1 = kh1k−1, k2 = kh2k−1. Then k1 and k2 are two squared Type B isometries with
Fix(k1∗) ∩ Fix(k2∗)= {k∗(W1)}. Now it is not hard to derive from Lemma 5.3 that there
are i, j ∈ {1,2} such that Fix(hi∗)∩ Fix(kj ∗)= ∅, a contradiction.
Now assume d∗(Fix(h∗),Fix(h′∗))  1 for any two squared Type B isometries h,h′ ∈
H . By the above paragraph, there are two squared Type B isometries g,h ∈ H with
d∗(Fix(h∗),Fix(g∗)) = 1. Let Fix(h∗) = W2W3, g∗(W1) = W1 with d∗(W1,W2) = 1.
Notice Fix((ghg−1)∗) = g(W2)g(W3). It follows from d∗(Fix(h∗),Fix((ghg−1)∗))  1
and Lemma 5.3 that d∗(W3, g(W3)) = 1. Similarly we have d∗(W3, g2(W3)) = 1 and
d∗(g2(W3), g(W3))= 1. It follows that we have an injective edge loopW3g(W3)g2(W3)W3
with length 3, a contradiction. ✷
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Lemma 5.18. Let M ⊂ ∂∞X be H -admissible, and h,g ∈ H be two squared Type B
isometries with d∗(Fix(h∗),Fix(g∗)) = 2 and Fix(h∗) =WW ′ . Then M ∩ ∂∞W =M ∩
∂∞W ′ = ∅.
Proof. We shall prove M ∩ ∂∞W = ∅. The proof of M ∩ ∂∞W ′ = ∅ is similar.
If d∗(W,Fix(g∗)) = 3, then by Lemma 5.11 M ∩ ∂∞W ⊂ B(g,W) = ∅. Suppose
d∗(W,Fix(g∗))= 2. Then Lemma 5.12 implies that there is a set of walls {Wi}Ni=1 (N = 1
or 2) with d∗(W,Wi)= d∗(Wi,Fix(g∗))= 1 and
M ∩ ∂∞W ⊂ B(g,W)⊂
N⋃
i=1
(∂∞W ∩ ∂∞Wi)−
{
w(+∞),w(−∞)}.
Fix an integer j with {W1,WN } ∩ {hj (W1), hj (WN)} = ∅. Since M ∩ ∂∞W is also
contained in B(hjgh−j ,W)⊂⋃Ni=1(∂∞W ∩∂∞hj (Wi))−{w(+∞),w(−∞)}, it follows
M ∩ ∂∞W is contained in the intersection of ⋃Ni=1(∂∞W ∩ ∂∞Wi)− {w(+∞),w(−∞)}
and
⋃N
i=1(∂∞W ∩ ∂∞hj (Wi))− {w(+∞),w(−∞)}, which is empty. ✷
Lemma 5.19. Let M ⊂ ∂∞X be a H -admissible subset, h,g ∈ H squared Type B
isometries with d∗(Fix(h∗),Fix(g∗)) = 2, and W a wall with d∗(W,Fix(h∗)) = 1. Then
M ∩ ∂∞W = ∅.
Proof. Notice Fix((hgh−1)∗) = h∗(Fix(g∗)) and by replacing h with h2 if necessary,
we may assume Fix(g∗) ∩ Fix((hgh−1)∗) = ∅. Suppose M ∩ ∂∞W = ∅. Then M ∩
∂∞hi(W) = ∅ for every integer i as M is H -invariant. By Lemma 5.11 we have
d∗(hi(W),Fix(γ∗))  2 for any integer i and any squared Type B isometry γ ∈H . In
particular, d∗(hi(W),Fix(g∗)) 2 and d∗(hi(W),Fix((hgh−1)∗)) 2.
Since d∗(Fix(h∗),Fix(g∗)) = 2 and d∗(W,Fix(h∗))= 1, Lemma 5.3 implies there are
at most two integers i with d∗(hi(W),Fix(g∗)) = 1. Therefore for all except at most
4 integers i we have
d∗
(
hi(W),Fix(g∗)
)= d∗(hi(W),Fix((hgh−1)∗))= 2.
Fix five distinct walls W1,W2,W3,W4,W5 ∈ {hi(W): i = 1,2, . . .} with
d∗
(
Wi,Fix(g∗)
)= d∗(Wi,Fix((hgh−1)∗))= 2.
For each Wi (i = 1, . . . ,5), since M ∩ ∂∞Wi = ∅ Lemma 5.12 implies there is a wall
W ′i with
d∗
(
Wi,W
′
i
)= d∗(W ′i ,Fix(g∗))= d∗(W ′i ,Fix((hgh−1)∗))= 1.
Let W˜ be the wall such that h∗(W˜)= W˜ and d∗(W, W˜ )= 1. If W ′i =W ′j for some i = j ,
then W˜WiW ′iWj W˜ is an injective edge loop of length 4, contradicting to Lemma 5.3.
Suppose W ′i = W ′j for i = j . Since Fix(g∗) and Fix((hgh−1)∗) are disjoint edges,
d∗(W ′i ,Fix(g∗)) = d∗(W ′i ,Fix((hgh−1)∗)) = 1 for i = 1, . . . ,5 implies there are two
indices i = j , and walls W ′ = W ′′ such that g∗(W ′) = W ′, (hgh−1)∗(W ′′) = W ′′ and
d∗(W ′i ,W ′)= d∗(W ′i ,W ′′)= d∗(W ′j ,W ′)= d∗(W ′j ,W ′′)= 1. Thus W ′iW ′W ′jW ′′W ′i is an
injective edge loop of length 4 in G∗, a contradiction. ✷
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Lemma 5.20. Let M ⊂ ∂∞X be a H -admissible subset, h,g ∈ H squared Type B
isometries with d∗(Fix(h∗),Fix(g∗)) = 2, and W a wall with d∗(W,Fix(h∗)) = 2. Then
M ∩ ∂∞W = ∅.
Proof. Since d∗(W,Fix(h∗)) = 2, Lemma 5.12 implies there is a set of walls {Wi}Ni=1
(N = 1 or 2) with d∗(Wi,Fix(h∗)) = 1 and M ∩ ∂∞W ⊂⋃Ni=1(M ∩ ∂∞Wi). Now the
lemma follows from Lemma 5.19. ✷
Lemmas 5.18, 5.19, 5.20, Proposition 5.10 and the remark before Lemma 5.13 imply
that for any two squared Type B isometries g,h ∈ H , d∗(Fix(h∗),Fix(g∗)) = 2 holds.
Lemma 5.17 then implies there are h,h′ ∈ H with d∗(Fix(h∗),Fix((h′)∗))  3. Now it
follows from Lemma 5.16 that H has the TA-property. The proof of Theorem 5.1 is now
complete.
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